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' Abstract. In this article, we construct Chern classes in rational Deligne cohomology for coherent 

' sheaves on a smooth complex compact manifold. We prove that these classes satisfy the functorial- 

, ity property under puUbacks, the Whitney formula and the Grothendieck-Riemann-Roch theorem for 

1 projective morphisms between smooth complex compact manifolds. 
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1. Introduction 

Let A be a smooth differentiable manifold and £^ be a complex vector bundle of rank r on A. The 
Chern- Weil theory (see [Gri-Ha, Ch. 3 §3]) constructs classes Ci(£')*°P, 1 < i < r, with values in the 
de Rham cohomology H^^ (A, M) , which generalize the first Chern class of a line bundle in (A, Z) 
obtained by the exponential exact sequence. These classes are compatible with pullbacks under smooth 
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morphisms and verify the Whitney sum formula 

i+j=k 

There exist more refined ways of defining Ci(£')'°P in H'^'^{X,Z). The first method is due to Chow (see 
the introduction of |Grol| ). The idea is to define expHcitly the Chern classes of the universal bundles 
of the grassmannians and to write any complex vector bundle as a quotient of a trivial vector bundle. 
Of course, computations have to be done on the grassmannians to check the compatibilities. Note that 
in the holomorphic or in the algebraic context, a vector bundle is not in general a quotient of a trivial 
vector bundle. Nevertheless, if X is projective, this is true after tensorising by a sufficiently high power 
of an ample line bundle and the construction can be adapted (see [Brj ). 

A more intrinsic construction is the splitting method, introduced by Grothendieck in [Grol| . Let us 
briefly recall how it works. By the Leray-Hirsh theorem, we know that H * {P(E) , Z) is a free module over 
H*{X, Z) with basis 1, a, . . . , a^"^, where a is the opposite of the first Chern class of the relative Hopf 
bundle on P(£') . Now the Chern classes of E are uniquely defined by the relation 

a"- +p*ciiEY°P a'-i + • • ■+p*cl°^,{E)a+p*c^.iEY°P = 0. 

(see Grothendieck [Urol], Voisin j^U Ch. 11 § 2], and Zucker [23 § 1]). 

The splitting method works amazingly well in various contexts, provided that we have 

- the definition of the first Chern class of a line bundle, 

- a structure theorem for the cohomology ring of a projective bundle considered as a module over 
the cohomology ring of the base. 

Let us now examine the algebraic case. Let X be a smooth algebraic variety over a field k of characteristic 
zero, and E be an algebraic bundle on X. Then the splitting principle allows to define Ci{E)^^^ 

- in the Chow ring CH^{X) if X is quasi-projective, 

- in the algebraic de Rham cohomology group H^^{X/k). 

Suppose now that k — C Then Grothendieck's comparison theorem (see {Gro3j ) says that we have a 
canonical isomorphism between H'^pj{X/C) and iJ'^*(X'*", C ). It is important to notice that the class 
Ci{E)^^^ is mapped to (27r-y^)'ci(£')'°P by this morphism. 

Next, we consider the problem in the abstract analytic setting. Let X be a smooth complex analytic 
manifold and E he a. holomorphic vector bundle on X. We denote by Af^'^{X) the space of complex 
differential forms of type {p,q) on X and we put ^c(-''^) — ®pg-^c*(^)- The Hodge filtration on 
AciX) is defined by F'AciX) = ®p>,^gA^''{X). It induces a filtration F'H''{X,C) on H''{X,C). 
For a detailed exposition see |Vol|, Ch. 7 and 8]. Let fi^ be the holomorphic de Rham complex on 
X. This is a complex of locally free sheaves. We can consider the analytic de Rham cohomology 
H'''+*(X, il^^') which is the hypercohomology of the truncated de Rham complex. The maps of com- 
plexes n*/' ^n* and n*/' ^f^lh«] give two maps M''+'{X,n*/') ^F'H''{X,C) and 

m''+'{X,n'/') ^H''{X,n'x). in the compact Kahler case, the first map is an isomorphism, but it 

is no longer true in the general case. We will denote by H^'''^{X) the cohomology classes in HP^''{X, C ) 
which admit a representative in A^''^{X). 

If E is endowed with the Chern connection associated to a hermitian metric, the de Rham representative 
of Ci(£^)*°P obtained by Chern- Weil theory is of type («, i) and is unique modulo d(FM^"^). This allows 
to define Ci{E) in B.'^^{X,n^'), and then in H^'\X) and i7*(X,f^3f). The notations for these three 
classes wiU be c.^Ef^, Ci{E)^°'^i^'' and Ci{E)'^°^^. 
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If we forget the holomorphic structure of E, we can consider its topological Chern classes Ci(£')*°P in the 
Betti cohomology groups H^'{X,Z). The image of Cj(i;)*°P in H^'{X,C) is c,(£;)^°^se ^hus c^{EY°p 
is an integral cohomology class whose image in C) lies in C). Such classes are called 

Hodge classes of weight 2i. 

The Chern classes of E in H^'{X, Z), F'H^^{X, C ), m^''{X, n*/') and H'{X, nj.) appear in the following 
diagram: 

H^'{X,Z) 3 c^{EY°p 



This means in particular that these different classes are compatible with the Hodge decomposition in the 

compact Kahler case, and in general via the Hodge s-de Rham spectral sequence. Furthermore, the 

knowledge of Ci{E)'^'^ allows to obtain the two other classes Ci{E)'^°^^ and Ci{E)^°'^s^ , but the converse is 
not true. Thus Ci{E)^'^ contains more information (except torsion) than the other classes in the diagram. 

Recall now the Deligne cohomology groups H'^{X,Z{q)) (see |Es-Vil §1] and Section [STT]) . We will 
be mainly interested in the cohomology groups H'^{X,Z{i)). They admit natural maps to H'^'^{X,Z) 
and to EP'^{X,n^^), which are compatible with the diagram above. Furthermore, there is an exact 

sequence ^ H2^-1(X, rj'^'~^) /^2^-i(|^ ^ H^{X,Z{i)) ^ H^\X,Z), (see [M] and 

Proposition 13.31 (i)). Thus a Deligne class is a strong refinement of any of the above mentioned classes. 
The splitting method works for the construction of Ci{E) in H'^{X,Z{i)), as explained in [Zu[ §4], and 
[Es-Vi[ §8]. These Chern classes, as all the others constructed above, satisfy the following properties: 

- they are functorial with respect to puUbacks. 

- if ^ E ^ F ^ G ^ is an exact sequence of vector bundles, then for all i 

c.{F)^ J2 CpiE)c,{G). 

p+q=i 

The last property means that the total Chern class c = l+ci + - • •+c„ is defined on the Grothendieck group 
K{X) of holomorphic vector bundles on X and satisfies the additivity property c{x + x') = c{x)c{x'). 

Now, what happens if we work with coherent sheaves instead of locally free ones? If X is quasi-projective 
and T is an algebraic coherent sheaf on X, there exists a locally free resolution 

^ El En ^ J" ^ 0. 

(This is still true under the weaker assumption that X is a regular separated scheme over C by Klciman's 
lemma; see |SGA 6\ II, 2.2.7.1]). The total Chern class of T is defined by 

ciT)^ciE^)c{Ej,_,)-'c{Ej,^,)... 

The class c{!F) does not depend on the locally free resolution (see |Bo-Se| § 4 and 6] ) . More formally, if 
G{X) is the Grothendieck group of coherent sheaves on X, the canonical map l: K{X) ^G{X) is 

an isomorphism. The inverse is given by [J^] 5~[_Bjy] — [_Bjy_-^] + [-Bjv-2] ^ • • • 

In what follows, we consider the complex analytic case. The problem of the existence of global locally 
free resolutions in the analytic case has been opened for a long time. For smooth complex surfaces, such 
resolutions always exist by fSch! • More recently, Schroer and Vezzosi proved in [ScVe| the same result for 
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singular separated surfaces. Nevertheless, for varieties of dimension at least 3, a negative answer to the 
question is provided by the following counterexample of Voisin: 

Theorem |Vo2| On any generic complex torus of dimension greater than 3, the ideal sheaf of a point 
does not admit a global locally free resolution. 

Worse than that, even if T admits a globally free resolution E'*, the method of Borel and Serre |Bo-Se| 
does not prove that c{Ej^) c{Ej^_^)~^c{Ej^_2) ... is independent of E' . In fact, the crucial point in their 
argument is that every coherent sheaf should have a resolution. 

Nevertheless Borel-Serre's method applies in a weaker context if we consider Chern classes in H*{X, Z). 
Indeed, if is a coherent sheaf on X and is the sheaf of real-analytic functions on X, then T ®o Cx 
admits a locally free real-analytic resolution by the Grauert vanishing theorem |Gra| . We obtain by this 
method topological Chern classes Ci(J^)'°P in Z). 

It is natural to require that Ci should take its values in more refined rings depending on the holomorphic 
structure of !F and X. Such a construction has been carried out by Atiyah for the Dolbeault cohomology 
ring in [Atj . Let us briefly describe his method: the exact sequence 

^JP(g)fl^ ^PxiJ^) ^0 

of principal parts of of order one (see |EGA IVl § 16.7]) gives an extension class (the Atiyah class) a{J^) 
in Extjj {T, Ti^rix). Then Cp(J^) is the trace of the p-th Yoneda product of a{T). These classes are used 
by O 'Brian, Toledo and Tong in |OB-To-Tol] and jOB-To-To2] to prove the Grothendieck-Riemann-Roch 
theorem on abstract manifolds in the Hodge ring. The Atiyah class has been constructed by Grothendieck 
and lUusie for perfect complexes (see TIT, Ch. 5]). Nevertheless, if X is not a Kahler manifold, there is 
no good relation between HP{X,fl^) and MI^p {X , il^^) , as the Frolicher spectral sequence may not 
degenerate at Ei for example. 

In this context, the most satisfactory construction was obtained by Green in his unpublished thesis (see 
|Gre| and [To-To| ) . He proved the following theorem 

Theorem 1 [Grej . |To-Toj Let !F he a coherent sheaf on X . Then there exist Chern classes Ci{J-)'^^ in 
the analytic de Rham cohomology groups ]HI'^*(X, $7^^*) which are compatible with Atiyah Chern classes 
and topological Chern classes. 

In order to avoid the problem of nonexistence of locally free resolutions, he introduced the notion of a 
simplicial resolution by simplicial vector bundles with respect to a given covering. Green's basic result 
is the following: 

Theorem 2 [Gre] . [To-Toj Any coherent sheaf on a smooth complex compact manifold admits a finite 
simplicial resolution by simplicial holomorphic vector bundles. 

The next step in order to obtain Theorem 1 above, is to define the Chern classes of a simplicial vector 
bundle. For this. Green uses Bott's construction (see [Bottj ) which can be adapted to the simplicial 
context. Though, it is not clear how to extend Green's method to Deligne cohomology. 

Let us now state the main result of this article: 

Theorem 1.1. Let X be a complex compact manifold. For every coherent sheaf J- on X, we can define 
classes Cp{J-) and chp{J-') in H'^{X,Q(p)) such that: 

(i) For every exact sequence ^ J- 5~ G Ti. 5~ of coherent sheaves on X , we have 

c{g) = c{T)c{n) and ch(g) = ch(J^) + ch(7i). The total Chern class c: G{X) ^H^{X,QY 

is a group morphism and the Chern character ch:G(A') 9-iJ^(A", Q) is a ring morphism. 
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(ii) If f '■ X is holomorphic and y is an element of G{Y), then c{f'y) — f*c{y), where 

f':G{Y) ^G{X) is the pullback in analytic K-theory. 

(iii) If £ is a locally free sheaf, then c{£) is the usual Chern class in rational Deligne cohomology. 

(iv) If Z is a smooth closed suhmanifold of X and J- a coherent sheaf on Z , the Grothendieck-Riemann- 
Roch (GRR) theorem is valid for {i^^T^, namely 

(v) If f : X 9-y is a projective morphism between smooth complex compact manifolds, for every 

coherent sheaf T on X, we have the Grothendieck-Riemann-Roch theorem 

ch(/,[^])td(y) = /,[ch(^)]td(x). 

Our approach is completely different from [ Bo-Sej . Indeed, Voisin's result prevents from using locally 
free resolutions. Our geometric starting point, which will be used instead of locally free resolutions, is 
the following (Theorem 14. lip : 

Theorem Let J- be a coherent sheaf on X of generic rank r. Then there exists a bimeromorphic morphism 
t::X ^X and a locally free sheaf Q on X of rank r, together with a surjective map Tr*J-' s-Q . 

It follows that up to torsion sheaves, n ' [J^] is locally free. This will allow us to define our Chern classes 
by induction on the dimension of the base. Of course, we will need to show that our Chern classes satisfy 
the Whitney formula and are independent of the bimeromorphic model X . 

The theorem above is a particular case of Hironaka's flattening theorem (see |Hiro2| and in the algebraic 
case [Gr-Ra] ). Indeed, if we apply Hironaka's result to the couple {T,id), there exists a bimeromorphic 

map a: X ^X such that a*J^ j is flat with respect to the identity morphism, and thus 

locally free. For the sake of completeness, we include an elementary proof of Theorem 14. Ill 

Property (iv) of Theorem 1 1.1 1 is noteworthy. The lack of global resolutions (see jVo2j l prevents from using 
the proofs of Borel, Serre and of Baum, Fulton and McPherson (see |Fu[ Ch. 15 §2]). The equivalent 
formula in the topological setting is proved in |At-Hi| . In the holomorphic context, O'Brian, Toledo 
and Tong r |OB-To-To3) ) prove this formula for the Atiyah Chern classes when there exists a retraction 
from X to Z, then they establish (GRR) for a projection and they deduce that (GRR) is valid for any 
holomorphic map, so a posteriori for an immersion (see |OB-To-To2) ). Nevertheless, our result does not 
give a new proof of (GRR) formula for an immersion in the case of the Atiyah Chern classes. Indeed, 
the compatibility between our construction and the Atiyah Chern classes is a consequence of the (GRR) 
theorem for an immersion in both theories, as explained further. 

Property (v) is an immediate consequence of (iv) , as originally noticed in |Bo-Se| , since the natural map 
from G{X) (g)^ G(P^) to G{X x P^) is surjective (see |SGA 61 Expose VI] and [Hii]). Yet, we do not 
obtain the (GRR) theorem for a general holomorphic map between smooth complex compact manifolds. 

Remark that Cp(T) is only constructed in the rational Deligne cohomology group i7^P(X,Q(p)). The 
reason is that we make full use of the Chern character, which has denominators, and thus determines 
the total Chern class only up to torsion classes. We think that it could be possible to define Cp{!F) in 
H^{X,'Z{p)) following our approach, but with huge computations. For p — I, ci{T) can be easily con- 
structed in H^{X,Z{1)). Indeed, it suffices to define ci(^) = ci(detJF), where det!F is the determinant 
line bundle of T (see |Kn-Mu| ). 

It is interesting to compare the classes of Theorem 11.11 with other existing theories. We adopt a more 
general setting by using Theorem 14.111 We prove that, for any cohomology ring satisfying reasonable 
properties, a theory of Chern classes can be completely determined if we suppose that the GRR formula 
is valid for immersions. More precisely, our statement is the following (Theorem 16. 3p : 
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Theorem Under the hypotheses {a)-{S) of page on the cohomology ring, a theory of Chern classes for 
coherent sheaves on smooth complex compact manifolds which satisfies the GRR theorem for immersions, 
the Whitney additivity formula and the functoriality formula is completely determined by the first Chern 
class of holomorphic line bundles. 

This theorem yields compatibihty results (Corollary 16. 5^ : 

Corollary The classes of Theorem \l.l\ are compatible with the rational topological Chern classes and the 
Atiyah Chern classes. 

Nevertheless, since GRR for immersions does not seem to be known for the Green Chern classes if X is 
not Kahler, the theorem above does not give the compatibility in this setting. In fact, the compatibility 
is equivalent to the GRR theorem for immersions for the Green Chern classes. 

Let us mention the link of our construction with secondary characteristic classes. 

We can look at a subring of the ring of Cheeger-Simons characters on X which are the "holomorphic" 
characters (that is the G-cohomology defined in [Es[ § 4] , or equivalently the restricted differential char- 
acters defined in |Br( §2]). This subring can be mapped onto the Deligne cohomology ring, but not in 
an injective way in general. When i? is a holomorphic vector bundle with a compatible connection, the 
Cheeger-Simons theory (see |Ch-Si] ) produces Chern classes with values in this subring. It is known that 
these classes are the same as the Deligne classes (see [Br] in the algebraic case and [Zu, § 5] for the general 
case). When E is topologically trivial, this construction gives the so-called secondary classes with values 
in the intermediate jacobians of X (see jNa) for a different construction, and [Berj who proves the link 
with the generalized Abel-Jacobi map). The intermediate jacobians of X have been constructed in the 
Kahler case by Griffiths. They are complex tori (see fVoll. Ch. 12 § 1], and |Es-Vi[ § 7 and 8]). If X is not 
Kahler, intermediate jacobians can still be defined but they are no longer complex tori. 

Our result provides similarly refined Chern classes for coherent sheaves, and in particular, secondary 
invariants for coherent sheaves with trivial topological Chern classes. 

The organization of the paper is the following. We recall in Part [3] the basic properties of Deligne 
cohomology and Chern classes for locally free sheaves in Deligne cohomology. The necessary results of 
analytic if-theory with support are grouped in Appendix [TJ they will be used extensively throughout 
the paper. The rest of the article is devoted to the proof of Theorem 11.11 The construction of the 
Chern classes is achieved by induction on dimX. In Part [H we perform the induction step for torsion 
sheaves using the (GRR) formula for the immersion of smooth divisors; then we prove a devissage theorem 
which enables us to break any coherent sheaf into a locally free sheaf and a torsion sheaf on a suitable 
modification of X\ this is the key of the construction of Ci{!F) when T has strictly positive rank. The 
Whitney formula, which is a part of the induction process, is proved in Part [51 After several reductions, 
we use a deformation argument which leads to the deformation space of the normal cone of a smooth 
hypersurface. We establish the (GRR) theorem for the immersion of a smooth hypersurface in PartlH in 
Part [S] we recall how to deduce the general (GRR) theorem for an immersion from this particular case, 
using excess formulae, then we deduce uniqueness results using Theorem 14. Ill 

Acknowledgement. I wish to thank Claire Voisin for introducing me to this beautiful subject and for 
many helpful discussions. I also thank Pierre Schapira for enlightening conversations. 

2. Notations and conventions 

All manifolds are complex smooth analytic connected manifolds. All the results are clearly valid for non 
connected ones, by reasoning on the connected components. 

Except in Section [31 all manifolds are compact. By submanifold, we always mean a closed submanifold. 
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Holomorphic vector bundles 

The rank of a holomorphic vector bundle is well defined since the manifolds are connected. If i5 is a 
holomorphic vector bundle, we denote by £ the associated locally free sheaf. The letter £ always denotes 
a locally free sheaf. 

Coherent sheaves 

If is a coherent analytic sheaf on a smooth connected manifold X, then is locally free outside a 
proper analytic subset S* of X (see jGra-Rej l. Then U = X\S is connected. By definition, the generic 
rank of is the rank of the locally free sheaf ^^u- If the generic rank of J-^ vanishes, J- is supported in a 
proper analytic subset Z of X, it is therefore annihilated by the action of a sufficiently high power of the 
ideal sheaf 2z- Conversely, if is a torsion sheaf, is identically zero outside a proper analytic subset 
of X, so it has generic rank zero. The letter T always denotes a torsion sheaf. 

Divisors 

A strict normal crossing divisor D in X is a formal sum miDi + • • • + rrij^Dj^, where Di, 1 < i < N , 
are smooth transverse hypersurfaces and nii, 1 < i < N, are nonzero integers. If all the coefficients 
rrii are positive, D is effective. In that case, the associated reduced divisor D'^'^'^ is the effective divisor 
Di + • • • + I?^. A strict simple normal crossing divisor is reduced if for all i, rrii = 1. We make no 
difference between a reduced divisor and its support. 

By a normal crossing divisor we always mean a strict normal crossing divisor. If D is an effective simple 
normal crossing divisor, it defines an ideal sheaf — Ox{—D). The associated quotient sheaf is denoted 

by Oj,. 

We use frequently Hironaka's desingularization theorem [Hirol] for complex spaces as stated in |An-Ga[ 
Th.7.9 and 7.10]. 

Tor sheaves 

Let f:X be a holomorphic map and T he a. coherent sheaf on Y. We denote by Tori(jF, /) the 

sheaf Torf "''^^ (/-I J^, O^y) . 
Grothendieck groups 

The Grothendieck group of coherent analytic sheaves (resp. of torsion coherent analytic sheaves) on a 
complex space X is denoted by G{X) (resp. G^^^^{X)). If is a coherent analytic sheaf on X, [J^] denotes 
its class in G{X). The notation Gz{X) is defined in Appendix[71 In order to avoid subtle confusions, we 
never use here the Grothendieck group of locally free sheaves. 

3. DeLIGNE COHOMOLOGY AND ChERN CLASSES FOR LOCALLY FREE SHEAVES 

In this section, we will expose the basics of Deligne cohomology for the reader's convenience. For a more 
detailed exposition, see [Es-Vi[ § 1, 6, 7, 8], Ch.l2], and pZZ] . 

3.1. Deligne cohomology. 

Definition 3.1. Let X be a smooth complex manifold and let p be a nonnegative integer. Then 
- The Deligne complex ^ [p] of X is the following complex of sheaves 

— ^ix- — -^Ox^^ ■■■ 

where Zj^- is in degree zero. Similarly, the rational Deligne complex Q^^ xip) ^^e same complex 
as above with replaced by Qx ■ 
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- The Deligne cohomology groups H}j{X,Z{p)) are the hypercohomology groups defined by 

The rational Dehgne cohomology groups are defined by the same formula as the hypercohomology 
groups of the rational Deligne complex. 

- The same definition holds for the Deligne cohomology with support in a closed subset Z: 

- The total Deligne cohomology group of X is H^{X) = Z(p)). We wiU denote by 

k,p 

H^{X,Q) the total rational Deligne cohomology group. 
Example 3.2. 

- H}-i{X, Z{0)) is the usual Betti cohomology group H^{X,Z). 

- Zjy x(l) is quasi-isomorphic to Ox [—1] by the exponential exact sequence. Thus we have a group 
isomorphism Hj^{X,Z{l)) ~ H^{X,0^) ~ Pic(X). The first Chern class of a line bundle L in 
Hl{X,Z{l)) is the element of Pic{X) defined by ci(L) = {L}. 

- H'^{X,Z{2)) is the group of flat holomorphic line bundles, i.e. holomorphic line bundles with a 
holomorphic connection (see ^Es-Vi. § 1] and Es ) . 

For geometric interpretations of higher Deligne cohomology groups, we refer the reader to [Gaj . 

Some fundamental properties of Deligne cohomology are listed below: 

Proposition 3.3. 

(i) We have an exact sequence fJ^^'" ^ '^d xip) ^ ^ . 

In particular, H'^ [X,Z(p)) fits into the exact sequence 

H^p'\x,z) — ^m^p-^x,n'x^p-^) — ^H^j;{x,z{p)) — ^h^p{x,z). 

(ii) The complex Z^^(p)[l] is quasi-isomorphic to the cone of the morphism 

Zx CB ^ ^^x ' 

Thus we have a long exact sequence: 

^ H''-\X, C ) — ^ H^{X, Z{p)) — ^ (X, ^f^P) e H^'iX, Z) — ^ H^{X, C ) — ^ • • • 

and a similar exact sequence can he written with support in a closed subset Z . 

(iii) A cup-product 

Hl,iX,Z{p)) ®z Hjj{X,Ziq)) ^H]+'{X,Zip + q)) 

is defined and endows H^{X) with a ring structure. 

(iv) If f:X s-y is a holomorphic map between two smooth complex manifolds, we have a pullback 

morphism f * : H]j{Y,Z{p)) ^II\~i{X,Z{p)) which is a ring morphism. 

(v) If X is smooth, compact, and if E is a holomorphic vector bundle on X of rank r, then H^(¥{E)) 
is a free H^{X) -module with basis 1, ci{0^{l)), . . . ,Ci{0^{l)Y^^ . 

(vi) For every t m P^, let jt be the inclusion X ~ X x {t}^ X x . Then the pullback mor- 
phism jf*:H^{X X P^) ^II^{X) is independent oft (homotopy principle). 
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The assertions (i) and (ii) are obvious. The cup product in (iii) comes from a morphism of complexes 

(g)^ Z(g) s-Z(p + g) , see |Es-Vi[ §1]. This morphism if functorial with respect to puUbacks, 

which gives (iv). Property (v) is proved by devissage using the exact sequence 

— - — - ^D,xip) — - ^D,xip - 1) — - 

and the five lemma (see |Es-Vi[ §8]). Property (vi) is a consequence of (v): if a is a Deligne class in 
H^{X X pi), we can write a = prfA + prj*/z . Ci (pr2*Opi (1)) . Thus jf*a A. 

Remark that (vi) is false if we replace P^(C) by C, in contrast with the algebraic case. Indeed, take an 

elliptic curve S and choose an isomorphism 0: S 9-Pic'^(5) . There is a universal line bundle C on 

S X S such that for all x in S, C^g^^ ~ 4>{^)- Let tt : C be the universal covering map of S. 

Consider the class a — ci [(id, tt) *£] , then for all t in C, j^a — ci [(/)(7r(t))] . 

We will now consider more refined properties of Deligne cohomology. 

Proposition 3.4 (see jEZZl §2]). 

(i) If X is a smooth complex manifold and Z is a smooth suhmanifold of X of codimension d, there 
exists a cycle class {Z}jj in H^^{X,'Z{d)) compatible with the Bloch cycle class (see [Bl', §5], 
|Es-Vi[ §6]^ and the topological cycle class. If Z and Z' intersect transver sally, {ZD Z'}j^ = 
{Z}]j . {Z'}j~,. If Z is a smooth hypersurface of X , the image of {Z}]j in II^{X, Z(l)) ~ Pic{X) 
is the class ofO-^(Z\ 

(ii) More generally, let f: X >■ Y be a proper holomorphic map between smooth complex manifolds 

and d = dim Y — dim X . Then there exists a Gysin morphism 

/, : Hl^{X, Z{q)) ^h1^p+''^ (Y, Z{q + d)) 

compatible with the usual Gysin morphisms in integer and analytic de Rham cohomology. If Z is 

a smooth submanifold of codimension d of X and i^'.Z ^X is the canonical inclusion, then 

image of {Z}]j in (X, Z((i)). 

The point (i) is easy to understand. By Proposition 13.31 (ii), since H'^'^~^ (XjZ,) = 0, we have an exact 
sequence 

Hl^,ziX, Z{d)) Hl'^iX, n'/'') ® H^/{X, Z) Hl'^iX, C ). 

The couple ((2i7r)'*{Z}Bi^^i^, {Zj^p) is mapped to in Hf{X,'C) (see |Es-Vil §7]). Therefore, it defines 
a unique element {Z}^ in H]^- z{X,Z{d)). 

For (ii), we introduce the sheaves T>\ ^ of locally integral currents of degree k as done in [EZZ[ § 2], and 
[Gi-So) §2.2]. These sheaves are, in a way to be properly defined, a completion of the currents induced 
by smooth integral chains on X (see (Kll §2.1] and [El §4.1.24]). Then 

- T>^ z is a soft resolution of Z-^ . 

- T>\ z is a subsheaf of stable by push-forward under proper C°° maps, where 2?^ is the sheaf 
of usual currents of degree k on X. 

Thus Zjj _y (p)[l] is quasi-isomorphic to the cone of the morphism ([2i7r]P, i) : ^ F^P^ ^^x- 

will denote by ^ [p) this cone shifted by minus one. Since the sheaves T>\ ^, F^V'jr and T)\ are acyclic, 

i?/^Z^^(p)[l] is quasi-isomorphic to the cone ofthe morphism ([2i7r]P, i) : /^I?^ ^ © f^F^V^ ^f^V^. 

The push- forward of currents by / gives an explicit morphism : /,Z^ x(p) y{p ^ d)[2d] and 
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then a morphism : Rf^Zjj ^ (p) ^^zj.y {p + d) [2(i] in the derived category (Mod(Zy )) . We get 

the Gysin morphism by taking the hypercohomology on Y . 
The compatibiHty between {Z}jj and iz^,{^) is shown in [EZZj . 

We now state ah the properties of the Gysin morphism needed here. The points (vi) and (vii) use Chern 
classes of vector bundles. They will be defined in the next section. 

Proposition 3.5. 

(i) is compatible with the composition of maps and satisfies the projection formula. 

f*{x.f*y) = f^x.y. 

In particular, if T ^ (1 X yiY is the graph of f and if X is compact, then for every Deligne class 



a in X , 



.f*a=P2*{pi<^-{^f}i 



(ii) Consider the cartesian diagram 



Y X Z 



Y^ 



C 



X X Z 



X 



Then q*i^^ 
(iii) Iff:X 



* — ^YxZ* P ■ 

■Y is proper and generically finite of degree d, then f^f* = d x id. 



(iv) Consider the cartesian diagram, where Y and Z are compact and intersect transversally: 



W ^ 



Y 



Z C- 



X 



Then i^ i^^ 



1 1 

W ^Y* W- 



(v) Let f:X ^Y be a surjective map between smooth complex compact manifolds, and let D be 

a smooth hypersurface of Y such that f^^{D) is a simple normal crossing divisor. Let us write 



f*D^miDi 



nij^Dj^. Letf^:D^ 



■ D be the restriction of f to D^. Then 



N 



f*l 



D* 



(vi) Let X be compact, smooth, and let Y be a smooth submanifold of codimension d of X . Let X be 
the blowup of X along Y , as shown in the following diagram: 
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Then we have an isomorphism 



i=l 



d-l 



{x, iVi) 



l<i<d- 



In particular, if a is a Deligne class on X such that j*a is the pullback of a Deligne class on Y, 
then a is the pullback of a unique Deligne class on X. 



Moreover, if F is the excess conormal bundle defined by the exact sequence 
F ^q*N*/^ iV^/~ 0, 

we have the excess formula p* i^a = j„ {q*a Cd-i{F*)) . 
(vii) If Y is a smooth compact submanifold of X of codimension d, we have the auto-intersection 
formula 

iyiy*'^ = acd{Nz/x)- 

Proof, (i) and (ii) hold at the level of complexes. More precisely, the Gysin morphism is functorial at 

the complexes level Zj-,( . ). For the projection formula, we use the complex Z^-, xi-) for the variable x 
and the complex Z^, y( . ) for the variable y. To prove the last formula of (i), we remark that P2 is proper 
since X is compact. Then we write 

/*a = P2*(id> = P2*(id, /)* [(id, /) *Pia\ 

= {p*a . (id, /),(!)) = P2* (pi*a . {Tf}j,) . 

For (ii), we can pull-back currents under p and q since these morphisms are submersions. Then p* and 
q* are defined for the complexes . ) and (ii) is an equality of complexes morphisms. 

For (iii), it is enough by the projection formula to prove that (1) = d, which is well known. 

The formulae (iv) and (v) arc of the same type. Let us prove (v) for instance. We will define first some 

notations: Let F be the graph of ijj : ^Y and F^ be the graph of i~ : Di^ ^X. We define 

= (7.,id)^(F^) C £) X X. We call pi: D x Y and p2:Dx Y ^Y the first and second 

projections. In the same manner, we define the projections p'l : D x X s-D, p'2 : D x X ^X, 

p[fDiXX ^Di, and p'2 fDiXX ^X. 
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JV 



We have (id, /) *{r}^ ~ ^ {r^}^, (this can be seen using exphcit description of the Bloch cycle class, 

i=l 

see [H]). Then 

/>2*(K«-{r}z,) by(i) 
P2*(id,/)*(K«-{r}i5) by(ii) 



. a 



N 

i=l 

N 

"ijP2* {pi *" • (7i: id),{ri}^) 

1=1 

N 
N 



i=l 



by the projection formula 



by the projection formula 



Before dealing with (vi), we prove (vii) when 1" is a hypersurface. In the case of the etale cohomology, it 
is possible to assume that a — 1 (see |SGA 5) Expose VII, §4] and |SGA 4| Cycle § 1-2]). Remark that 
this is no longer possible here, for there is no purity theorem in Deligne cohomology. 

We use the deformation to the normal cone, an idea which goes back to Mumford (see |LMS| and |SGA 5) 
Expose VII § 9]). The aim was originally to prove the same formula in the Chow groups. Let My^x 

the blowup of X X along Y x {0}, X be the blowup of X along Y, and M°^j^ = My^^\X. Then 
we have an injection F :Y x 



My/x O'^cr (see |Fu[ Ch. 5] §5.1). We denote the inclusions 



Y^ i 



My jX 

Yjx io the projections of {Y x P^) x Afy/j^ (resp. Fx P^, resp. {Y x P^) x Ny^x^ 

resp. Y X Ny^j^) on its first and second factor by prj^ and pr2 (resp prj^ and pr2, resp. pr'j^ and pr'j, resp. 
pr" and pr2). Besides, F C F x P^ x My/x is the graph of F, and F' C F x Ny^x is the graph of i. 

Finally, F" = (ig, idjy^^^)^F' C F x P^ x Ny^^, where i^-.Y x {0}^ ^F x P^ is the injection of the 

central fiber. Remark that pr2 and pr2 are proper maps since F is compact. 

We have (zo,id^ ) JF'}^ = {F"}^ and (id^xpi,Jo) *{r}z5 = {E"}^. Let 7 = F,{pr*a). Then 



jo*7 = Jo*Pr2*(prrPri*a-{r}D) = pra, [(idy^pi , jo) * (prj* pr^ . {F}^,) 
(idy xpi > io) * Prrpri*" ■ {r"}^, 



by (ii) 



PrL 



= Pr2*(«0'id 



, id. 



Y/X ' 



(idy^pi, Jo) pri*pi'i*Q; . {F'}/) 1 by the projection formula 



= pii',(prra.{r%) =z,a. 
By the homotopy principle (Proposition 13.31 fvi)). the class ^*7|yx{t} i^ independent of t. li t 0, we 

have clearly F*j^y^^^y = iyiy^^a. For t ~ 0, -F'*7|yx{o} ~ **io*7 — «***c«- Let n-.Ny^x be the 

projection of Ny^-^ on F. Then a — i*T:*a. Thus 



i*i^a ^i*i^{i*n*a) ^ i* {n*a . {Y} ^) =a.i*{Y} 
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where {Y}^ is the cycle class of Y in Ny/x- 



Now {Y}^ = c,{0^^^jY)), so that ^*{Y}^ = ci(7V^/„ ^) = ci(7V^/^) 



Y/X - ' ' ^ ■ ^ K J I^^Y/X ' 

We can now prove (vi). Its first part is straightforward using devissage as in Proposition [53] (v) and the 
analogous result in Dolbeault cohomology and in integer cohomology. 

d-l 

r „■ 1 n 

Since is a 

1=1 



If a is a Deligne class on X, we can write a = ■p*x ^ i* [^J/i ci (O^ 

1=1 

hypersurface of X, by the formula proved above j*j„A — '^ci(A^^^j^) = A c\{0^ (^1)) for any 

d-l 

Deligne class A on E. We obtain j*a — q*i*x + 1)*?/^ ci (O^ (I))*- Since j*a — q*S, all the 

1=1 

classes vanish by Proposition 13. 31 (v). Thus a — p*x. By Proposition 13.51 (iii), x — p^a. 

For the excess formula, let a be a Deligne class on Y. We define /3 = j^{q*ct c^_]^(i^*)). Then, by 
Proposition 13. 71 (i) and (ii), 

j*P^[q*ac^^,{F*)] c,{N^^^)^q*[ac,{Ny^x)]- 

By the discussion above, /3 comes from the base, so that 

P = P*P*I3 = P*Kq*{q*(^c^-i{F*)) ^p*i^[a g,(cd_i(i^*))] =P*i*a 

for g,(crf_i(F*)) ^ 1 (see |Bo-Sel Lemme 19.b]). 

— Proof of (vii). The formula is already true for d — 1. We blowup X along Y, use the excess formula 
(vi) and we obtain: 

q iyiy^a=j p iy^a = j [j^[q ac^_^[F ))\ 

= q*ac,_,{F*)c, {N^^x) = 9 * (« {Ny^x)) ■ 
Since q* is injective, we get the result. □ 

3.2. Chern classes for holomorphic vector bundles. We refer to [Zu[ §4] and [Es-Vi[ §8] for all 

this section. From now on, we will suppose that X is smooth of dimension n. Let be a holomorphic 
bundle on X of rank r, and P{E) be the projective bundle of E endowed with the line bundle 0^(1). 
Let a — €1(0^(1)). By property (v) of Proposition 13.31 we can define {ci{E)) by the relation 

a'' + p*ci{E) a''-'^ + ■ ■ ■ + p*Cr{E) =0 in H^'' {P{E),'Z{r)) . 

Thus Ci{E) is an element of H^{X, Z(i)). The knowledge of the Chern classes Ci{E) allows to construct 
exponential Chern classes chi{E), < i < n, in H'^{X,Q{i)). These classes are obtained as the values 
of certain universal polynomials with rational coefficients on ci[E), . . . , c^{E) (see |Hirz| ). They can also 
be constructed with the splitting principle using projective towers (see [Grolj ). They are completely 
characterized by the following facts: 

- they satisfy the Whitney additivity formula (Proposition 13.71 (i)): 

- they satisfy the functoriality formula under puUbacks (Proposition [317] (ii)); 

- if L is a line bundle, ch(L) ~ e'^^^^\ 

Definition 3.6. The total Chern class of E is the element c{E) of H^{X) defined by 

c{E) ^l + ci{E) + --- + c^.{E)- 
The Chern character of E is the element ch{E) of H^{X, Q) defined by 

ch(S) = cho(S) + --- + ch„(£;). 
The splitting machinery gives the following proposition: 
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Proposition 3.7. 

(i) // s- E 5~ F G ^ is an exact sequence of vector bundles on X , the Whitney 

formula holds: c{F) = c{E)c{G) and ch{F) = ch{E) + ch(G). 

(ii) If f is a holomorphic map between X and Y and if E is a holomorphic bundle on Y , we have 
c{f*E) = f*c{E) andch{f*E)=f*chiE). 

(iii) If E and F are two holomorphic vector bundles on X , then c}i{E IS) F) — ch(£') ch(_F). 

Notation 3.8. From now on, if £ is a locally free sheaf and E is the associated holomorphic vector 
bundle, we will denote by ch{£) the Chern character ch{E). Thus ch is well defined on a basis of any 
dimension but only for locally free sheaves, and we will make use of it in our construction. 

4. Construction of Chern classes 

The construction of exponential Chern classes chp(jF) in H^{X,Q{p)) for an arbitrary coherent sheaf T 
on X will be done by induction on dimX. If dimX = 0, X is a point and everything is obvious. 
Let us now precisely state the induction hypotheses (H„): 

(E„) If dimX < n and is a coherent analytic sheaf on X, then the Chern classes chp(jF) are defined 
inHg'(X,Q(p)). 

(W„) If dimX < n and ^ T s- Q ^ Ti ^ is an exact sequence of analytic sheaves 

on X, then c\i{Q) = ch(.F) + ch(7i). This means that ch is defined on G{X) and is a group 
morphism. 

(F„) If dimX < n, dimF < n, and if /: X ^Y is a holomorphic map, then for all y in G{Y), 

ch(/'y) = /*ch(2/). 

(C„) If dimX < n, the Chern classes are compatible with those constructed in Part [3] on locally free 

sheaves, i.e. ch(jF) = ch(jF) for all locally free sheaf T. 
(P„) If diTciX < n, ch is a ring morphism: if x, y are two elements of G{X), ch(x .y) — ch(a;) ch(j/) 

and ch(l) = 1. 

(RRn) If Z is a smooth hypersurface of X, where dimX < n, then the (GRR) theorem holds for i^: for 

every coherent sheaf on Z, ch^i^^T) = i^* (ch'^(J-') td(A^2/x)~^) ■ 
For the definition of analytic if-theory and related operations we refer to |Bo-Se| . 

Remark 4.1. To avoid any confusion, for a coherent sheaf on Z C X, we use the notation ch'^(J^), 
emphasizing the fact that the class is taken on Z. 

From now on, we will suppose that all the properties of the induction hypotheses (II„_i) above are true. 

Theorem 4.2. Assuming hypotheses (II„_i), we can define a Chern character for analytic coherent 
sheaves on compact complex manifolds of dimension n. It further satisfies (Pn), (F„), (RR„), (W„) and 
(C„). 

Let us briefiy explain the organization of the proof of this theorem. In S I4.H we construct the Chern char- 
acter for torsion sheaves. In ? I4.31 we construct the Chern character for arbitrary coherent sheaves, using 
the results of § 14.21 Properties (RR„) for a smooth hypersurface and (C„) will be obvious consequences 
of the construction. In § 15.31 we prove (W„) and then (F„) and (P„) using the preliminary results of ii l5.ll 
and ^ \5.'2l Finally, we prove (RR„) in §111 

4.1. Construction for torsion sheaves. In this section, we define Chern classes for torsion sheaves by 
forcing the Grothendieck-Riemann-Roch formula for immersions of smooth hypersurfaces. Let G'tQ^s(X) 
denote the Grothendieck group of the abelian category of torsion sheaves on X. We will prove the 
following version of Theorem 14.21 for torsion sheaves: 

Proposition 4.3. We can define exponential Chern classes for torsion sheaves on any n-dimensional 
complex manifold such that: 
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(i) (W„) // T Q 7i 5~ is an exact sequence of torsion sheaves on X with dim X < 

n, then ch(C/) = ch{J^) + ch(7i). This means that ch is a group morphism defined on G^.^^g{X). 
ill) (Pri) Let £ he a locally free sheaf and x he an element of G^.^^g{X). Then ch([£]. x) — ch(£) . c)\{x). 

(iii) (F„) Let f: X be a holomorphic map where dimX < n and dimy < n, and J- be a coherent 

sheaf on Y such that T and f*T are torsion sheaves. Then ch(/ ''[J-]) — f* ch{J-). 
(iv) (RRn) If Z is a smooth hypersurface of X and J- is coherent on Z , then 

We will proceed in three steps. In ii l4.1.11 we perform the construction for coherent sheaves supported in 
a smooth hypersurface. In ii l4.1.21 we deal with sheaves supported in a simple normal crossing divisor. 
In S I4.1.31 we study the general case. 

4.1.1. Let Z he a smooth hypersurface of X where dimX < n. For Q coherent on Z, we define ch(i^^Q) 

by the GRR formula ch{iz^g) = (ch^(^) td(iVz/x)~^) , where ch^ {G) is defined by (E„_i). 

If 5~ Q' ^ Q ^ G" ^ is an exact sequence of coherent sheaves on Z, by (W„_i), we 

havech^(^) = ch^(^')+ch^(^")- Thus ch{iz^G) = ch{iz^g') +ch{iz^g") ■ We obtain now a well-defined 
morphism 

G(Z)— ^G^(X) 

chz 

Hl,{X,Q) 

Remark that if C/ is a coherent sheaf on X which can be written i^^,^ i then the hypersurface Z is not 
necessarily unique. If Z is chosen, T is of course unique. This is the reason why we use the notation 
chz{g). We will see in Proposition [4?8l that chz{Q) is in fact independent of Z. 

The assertions of the following proposition are particular cases of (C„), (F„), and (P„). 

Proposition 4.4. Let Z he a smooth hypersurface of X. 

(i) For all x in Gz{X), ch^ (^i'^x^ — i'^ ch^^x). 

(ii) If £ is a locally free sheaf on X and x is an element of Gz{X), then 

ch^{[£].x) =ch(£). ch^{x). 

Proof, (i) We have x = x.^ [iz*'^z\ ^zl^)' where x is defined in Appendix 17.21 Thus, 

i*zchz{x) = i*ziz^{ch^{x)iA{Nz/xy^) 

= ch^{x) tA{N2/^y^ci[Nzf^) by Proposition [33] (vii) 



ch^(:r) 



z/x) 



= ch^{x)ch^{i'ziz,Oz) by(C„_i) 
= ch^ {x . I ziz*Oz) by (P„_i) 

= ch^ (i'zx'j . 
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(ii) We have 



.{ch^{iz[£]. 



x) td{N. 



Z/X) 



z^,(i|ch(£)ch^(x)td(iV^/x) ' 

^{£) iz.(c\v\x)td{Nz/xY 
ch(f ) c\\z{x). 



by Proposition 13. 71 (ii). (Pn-i) and (C„_i) 
by the projection formula 



□ 



4.1.2. Let D be a divisor in X with simple normal crossing. By Proposition 17.81 we have an exact 
sequence: 



i<j 



0. 



Let us consider the morphism ®chp.. If T belongs to G{Dij), then 

i 



because of (RR„_i) and the multiplicativity of the Todd class. 

Thus ch^. (jjj.^^JF) = ch]-), (ijj,^^!F) , and we get a map ch^ : Gjj{X)- 

diagram 

G^^ (X) {X) 



■H*{X,i 



such that the 



ch J- 



HMX,Q) 

is commutative. 

Proposition 4.5. The classes ch^, have the following properties: 

(i) If £ is a locally free sheaf on X and x is an element of Gjj{X), then 

c\vjj{[£] .x) — ch(£). ch^(x). 

(ii) Let D he an effective simple normal crossing divisor in X such that D""* = D. Then 

chj,{0^)=l-A^{Ox{-D)). 



(iii) (First lemma of functoriality) Let f:X- 



■Y be a surjective map. Let D be a reduced divisor 



in Y with simple normal crossing such that f ^{D) is also a divisor with simple normal crossing 
in X. Then for all y in Gjj{Y), chj-i(£,) (/ 'y) = f*chjj{y). 
(iv) (Second lemma of functoriality) Let Y be a smooth submanifold of X and D be a reduced divisor 
in X with simple normal crossing. Then, for every x in Gjj{X), ch {iyx'j = iy c\ijj[x) . 

Proof. We start with two technical lemmas which will be crucial for the proof of (ii) and (iii). 

Lemma 4.6. Let D = miDi + • • • + m^Dpf be an effective simple normal crossing divisor in X , and fi 
be the element of H^{X,Q) defined by 



E 

fe>i 



(-1) 



k-l 



k\ 



{jni{Di}D 



fc-i 



Then there exist Ui in Gjj. (X), 1 < i < N, and Qj in H^{Dij), 1 < i,i < N , i ^ j, such that 
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(a) ui + ■ ■ ■ + = Oj~, in GDred{X). 

(b) C^J^-Q^, l<l,J <N,l^J. 

N 

(c) ch(u,)td(iV^^/^)" -m,i^^^i=J2^D, 

i=i 



^rcd 



Proof. We proceed by induction on the number of branches of 

If = 1, we must prove that ch(ui) ^^{^d^/x) ~ ^Di A^' "^here ui — O^^^^jj^ . In (X) we have 



m 1 — 1 



mi — 1 



0,n,D. = E *i^i*(^if/x). thus ui=J2 ^Df/x- Therefore 



9=0 



9=0 
/ mi — 1 



-qci 



\ 9=0 

l_e-™iCi(^Di/x) 



ciOV, 



Di/X) 



Suppose that the lemma holds for divisors D' such that D'^.^^ has A'' — 1 branches. Let D = niiDi + • • • + 
ruj^Dj^ and D' = niiDi + • • • + mj^_^Dj^_-^^. By induction, there exist u'^ in Gj-, {X)^ 1 < * < -/V — 1, 
and C'ij in H^{Dij), 1 < i, j < N — 1, i ^ j , satisfying properties (a), (b), and (c) of Lemma [THl For 
< k < mj^, we introduce the divisors Zk = miDi + • • • + mj^_^Dj^_^ + kDj^. We have exact sequences 



^i*^^OA-Zk) 

Thus, in G^rod(-^), we have 



0. 



9=0 



'X 



i-D') E 0^{-qD 

9=0 



We choose 



9=0 

=m' forl<i<iV-l. 



Let i be such that 1 < i < iV - 1. Then 
ch(?Ii) td(iV^^/^.) - rriii^^ n = ch(u^) td{Nj^./x) - niii^. ^' + niii^. - ^) 



E^ 



A-1 



;, fc-1 



Lfc=l 



k\ 



fc- 1 



(mi{Di}£, 



fe-1 



fc=l 



fc- 1 



by induction 



'A 



-l{-^7V-l}_D 



'A 



{Dm) 
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For the last equality, we have used that 

«£),(a{^w}z5) = «_D.a{AAr}D = ^ 

where {-Dj^}^, is the cycle class of D^j^ in Di 
Let us define 

Cij — Cij 



CiN = rrii i 



Di 



fe-1 



(-l)*^ ^ fk-1 



fc! 

k=i j=i 



J 



{mi{Di}jj 



if l<i,j< A^-l, i^j 



if 1< i < iV - 1 



Properties (a) and (b) of Lemma [4.61 hold, and property (c) of the same lemma hold for 1 < « < iV — 1. 
For i = N, let us now compute both members of (c). We have 



1=1 



Dni ^ D^ 



N-1 



5Z u 5Z 



fc-1 



fc-1 



.fc=l 



fc! 



k - 1 



(mi{Di}jj 



+ m^_AD^_,})''-'''m%{DNyo'{D,} 



U=i j=i 

In the first equality, we have used 



(-1) 



7 r 17 — 1 



where {^'j^vlxj is the cycle class of D^^ in Z?^. 
Now, 

ch(u^) td(7V^^/^) - TOjv i^^ fi 

-mi{Di} TOjv_i{£'7V-i} 



g=0 



1 - e 



by (C„_i) and Proposition 13.71 (ii) and (iii) 

-rm{D^} rn^_,{D^_,} } - e'^N 



{Dn} 



{Dn} 



oo oo 



r=0 g=l 



r! ql 



fe=l j=0 ^ 



■•• + m^_i{L>jv_i})''(TOjv{^7v})' ^ 
;^TOi{L>i} + --- + m^_i{7:>jv-i})'' ^ ^ 
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In the first term, we put k = q + r,p = q — 1 and we obtain 



oc k—1 

EE 

U-i p=o 



(-If 
fc! 



fc-i 



Now 



k 

p+1 



k - 1 
P 



is equal to 



k 

p+1 



k - 1 
p+1 



fc- 1 
P 



(mi 



{Di} 



for p < k — 2 and to zero for p = k — 1. It suffices to put 
j = p + 1 in the sum to obtain the equality of Q and (j**)) . □ 
Lemma 4.7. Using the same notations as in Lemma \4.6] let ai in H^{Di), 1 < i < N, be such that 
Du — ^-D, 



Oii = ^ ^'j- Then there exist Ui in Gjy,{X), satisfying ui + ■ ■ ■ + Uj^ = O jj in G j^„d{X) 

such that 



Ch(lI,)td(iV^^/;,) - E 

i=l \i=l J 



Proof. We pick ui, . . . , given by Lemma 14.61 Then 
1=1 \i=l / 



j=i 

V Af 

EE^-^ 

1=1 j=i 

N N 



by the projection formula 



E E*^.*(c^z.."'C.,) 



by the projection formula. 



i=i j=i 



Grouping the terms and (j, i), we get 0, since = —Qi- 
We now prove Proposition [131 

Proof, (i) We write x = xi + ■ ■ ■ + Xj^ in G'jj„d(^), where Xi is an element of G^. (X). Then 



□ 



N 



N 



chjy ( ] . x) — ^ ch^, . {[£] .Xi) = ^ ch (£) . ch^, . {xi ) by Proposition 14.41 (ii) 



— ch{£) . chjj{x) 
(ii) We choose ui, . . . , such that Lemma l4!6l holds. Then 



by the very definition of chjj{x). 



N 



N 



ch(05) = ^ ch(7.,) = ^ J ch(^lO td(7V5^ 



1=1 



A 



{mi{Di}a 



{Dn} 



d) = l-ch{OA-D)). 
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(iii) By devissage we can suppose that D is a smooth hypersurface of Y. Let be defined by the diagram 

A 



f^ 



Y 



and let y be an element of G{D). We put a,; — /j ch^{y). By the functoriality property (F„_i) we have 

i* ^ Oil — ^1 Oij- We choose again ui, . . . such that Lemma [4.71 holds. By Proposition 

Dij — ^ Di Dij ^ Di 

N 



l7.7l of Appendix [71 we can write f^'i£,^y = y~l(/i?/)-n ''^i- Thus 

i=l 

N _ _ 

i=l 
N 

i=l 
' N 



by (P„-i) 
by (F„_i) 
by Lemma 14.71 



.1=1 



/ 

1 - eAD}D 



1 - e-{D}D 



{D} 



{D}d 

/**^,(ch^(y)td(iV^/^)-' 



by Proposition 13. 51 (v) 
by the projection formula 



□ 



(iv) We will first prove it under the assumption that, for all i, either Y and D^ intersect transversally, 
or y = Dj. By devissage, we can suppose that D has only one branch and that Y and D intersect 
transversally, or Y — D. We deal with both cases separately. 

- If y and D intersect transversally, then [id^C'd] = [i^ ^ ^ ^Ynol- Thus, by Proposition 17.51 
of Appendix [71 



iyx = iyix [iD*OD\) = i 



2 (l ' 

YnD — ^Y*^ YnD — ^D ' 



and we obtain 
ch^ {iyX^ — i 



YnD — ^Y* 



(ch^^^( 

.0 



I' x] 
YnD — ^D ' 



I [I' ch^fa:) i* 

YnD — ^Y*\YnD ^ ' YnD s-_D 



td{Ny^j,/y) by(RR„_i) 
td(Ar^/;,)"') by (F„_i) 



?;ych£,(x). 



by Proposition 13. 51 fiv) 
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Ny/x] ■ Thus iy X — X — X . \N. 



ch^ (iyx) = ch^{x) - ch^{x)ch{N^^x) 

-ci(A^y/x) 



ch*^ (x) 1 - e 



ch^{x)td{Ny^x) '^liNy/x) 



(ch^ix) 



td N. 



Y/X) 



Y/xi and 
by (Pn-i) and (C„_i) 



by Proposition 13.51 (vii) 



= ip chy (x). 

We examine now the general case. By Hironaka's desingularization theorem, we can desingularize Y (J D 
by a succession t of fc blowups with smooth centers such that t^^{Y U Z?) is a divisor with simple 
normal crossing. By first blowing up X along Y, we can suppose that t^^{Y) = _D is a subdivisor of 
D = T-i(F U D). We have the following dia gram: 



1] 



Y 



X 



X 



Then 



q* ch^(iyx) = ch^^ 



'Sliyx) 



ch^^ (ijij r 'x) 



by (F„_i) 

since Dj and Di intersect transversally, or Dj = Di 
by the first lemma of functoriality 14.51 (iii) 



= chelae) 
= q*iy ch£,(a;). 

We can now write qj as So fij^ where E is the exceptional divisor of the blowup of X along F, 5:E ^Y 

is the canonical projection and fij : Dj is the restriction of the last fc — 1 blowups to Dj. Write 

T = Tj, o Tj^_T^ o ■ ■ ■ o where are the blowups. Let us define a sequence of divisors {E.j^^_^^_^^ by 
induction: E^ — E, and E^^-^ is the strict transform of E^ under Tj^_^_l■ Since the E^ are smooth divisors, 
all the maps t,;^^ • ^i+i are isomorphisms. There exists j such that E^. = Dj. We deduce 



D, 



-D is an isomorphism. Since 6 is the projection of the projective bundle 



that /ij = T, 

^i^Y/x) ^* injective. Thus q* = fijS* is injective and we get ch^(ij,a;) = ipchj^{x). □ 

Now, we can clear up the problem of the dependence with respect to D of chjj{!F). 

Proposition 4.8. If Di and D2 are two divisors of X with simple normal crossing such that srrpp J-' C Di 
and suppJF C D2, then chjj^ (JF) = chj^^{T). 

Proof. This property is clear if Di C Z?2. We will reduce the general situation to this case. By Hironaka's 

theorem, there exists r : X ^X such that t^^(Di U D2) is a divisor with simple normal crossing. 

Let Di = T^^Di and D2 — t^^D2. By the first functoriality lemma (iii) . since Di C D, we have 
T* chjj^{!F) = ch^ (r'[J^]) = ch^(T'[J^]). The same property holds for D2. The map r is a succession 
of blowups, thus r * is injective and we get ch^,^ (J^) = ch^,^ (J^). □ 
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Definition 4.9. If supp(J^) C D where D is a normal simple crossing divisor, cli(jF) is defined as chjj{T). 

By Proposition [4?8l this definition makes sense. 

4.1.3. We can now define ch(jF) for an arbitrary torsion sheaf. 

Let T he a torsion sheaf. We say that a succession of blowups with smooth centers r : X ^X 

is a desingularization of J- if there exists a divisor with simple normal crossing D in X such that 
(supp(jF)) C D. By Hironaka's theorem applied to supp(J-'), there always exists such a r. We 
say that can be desingularized in d steps if there exists a desingularization t oi J- consisting of at most 
d blowups. In that case, ch(T'[jF]) is defined by Definition 14.91 

Proposition 4.10. There exists a class ch(J^) uniquely determined by T such that 

(i) If T is a desingularization of T , then t* c\\{J-) — c\\{t^'[J-\). 

(ii) IfY is a smooth suhmanifold of X , then ch^(i|,[J-"]) — ch(J^). 

Proof. Let d be the number of blowups necessary to desingularize J-. Both assertions will be proved at 
the same time by induction on d. 

If d = 0, supp(J^) is a subset of a divisor with simple normal crossing D. The properties (i) and (ii) are 
immediate consequences of the two lemmas of functorialitv 14.51 (iii) and (iv). 

Suppose now that Proposition 14.101 is proved for torsion sheaves which can be desingularized in d — 1 
steps. Let J- he a torsion sheaf which can be desingularized with at most d blowups. Let (X, r) be such 
a desingularization. We write r as r o ri, where r is the first blowup in r with E as exceptional divisor, 
as shown in the following diagram: 

X 

Tl 

E — ^Xi 

1 T 

Y ^X 

Then ti consists of at most d—1 blowups and is a desingularization of the sheaves Tor^ (J-", t), < j < n. 
By induction, wc can consider the following expression in H^{Xi,Q): 

n 

We have 

n 

i'^^[Xi,T) = ^ (—1)"' ch^ [Torj ( J^, r)] ^ by induction, property (ii) 

i=o 

= ch"" {i'et\T]) by(W„_i) 
= ch^(q'»^[.F]) = q* ch^ {i'y[T]) by (F„„i). 
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By Proposition 13.51 (vi), there exists a unique class ch(J^, r) on X such that 7(^1, J^) = r* ch (jF,r). 
Now 

n 

= ^(-l)^ch(ri![Tor,(.F,?)]' 

Suppose that we have two resolutions. We dominate them by a third one, according to the diagram: 

W 



by induction, property (i) 




^1 






X 



Then 



= ch(/i 'r ■ [JF]) by the first lemma of functorialitv 14.51 (iii) 

= ch((5 ■ [J^]) =6* ch{T, t) by symmetry. 

The map S* being injective, ch(jF, t) = ch{T, r), and we can therefore define ch(jF) by ch(jF) = ch(jF, t) 
for any desingularization t of with at most d blowups. 

We have shown that (i) is true when r consists of at most d blowups. In the general case, let r : Xi ^X 

be an arbitrary desingularization of J-' and r be a desingularization of with at most d blowups. We 
can find W, fi and fl as before. Then 

fi * ch(r ■ [JF]) = ch((5 ' [T]) by the first functoriality lemma (iii) 

= ^* ch(r '[J^]) by the first functoriality lemma (iii) 

= fl*f* ch{T) since f consists of at most d blowups 

= H*T*ch{T). 

It remains to show (ii). For this, we desingularize supp(.F) U Y exactly as in the proof of the second 
lemma of functoriality 14.51 (iv) . We have a diagram 



D, 



Y 



X 



X 



where q* is injective for at least one i. Then 
q* {ip ch(^)) =itr* ch(.F) = 1 ch(r ' [T]) 

= ch^' {ql ^ q* ch^(zi.[.F]) by (F„„i) 

Thus ipch{T) = ch^(i|^ [^]) i which proves (ii). 



by (i) 

by the second lemma of functoriality 14.51 (iv) 



□ 
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We have now completed the existence part of Theorem 14.21 for torsion sheaves. 

We tm'n to the proof of Proposition 14.31 So doing, we estabhsh almost all the properties listed in the 
induction hypotheses for torsion sheaves. 

Proof, (i) Let {X, r) be a desingularization of supp(J-') U supp(7i) and D be the associated simple normal 
crossing divisor. Then T-T, T-g and t-H belong to G^(X) and t-T + t-H = t Q in Gjj{X). Thus, by 
Proposition 14.101 (i) , 

r*[ch(J^) +ch(H)] ^c\v{t-[T]) +c\v{t-[H]) =ch(T'[g]) =T*ch(^;). 

The map r * being injective, we get the Whitney formula for torsion sheaves. 

(ii) The method is the same: let x — [Q] and let r be a desingularization of Q. Then, by Proposition l4.10l 
(i) and Proposition 14.51 fi). 

T * ch([£] .[G])^ ch(T \E].T\g])^ d^(T ■ [E]) . ch(T ■ [G]) = T * l^{E) . ch(g)) . 

(iii) This property is known when / if the immersion of a smooth submanifold and when / is a bimero- 
morphic morphism by Proposition l4.10l Let us consider now the general case. By Grauert's direct image 
theorem, f{X) is an irreducible analytic subset of Y . We desingularize f{X) as an abstract complex 
space. We get a connected smooth manifold W and a bimeromorphic morphism r: W ^f{X) ob- 
tained as a succession of blowups with smooth centers in f{X). We perform a similar sequence of blowups, 
starting from Yi —Y and blowing up at each step in Yi the smooth center blown up at the i-th step of 

the desingularization of f{X). Let TTy ^Y be this morphism. The strict transform of f{X) is W . 

The map t : r^^ (/(X)i.cg) — — /(^)rcg is an isomorphism. So we get a morphism f{X)^cg 

which is in fact a meromorphic map from J{X) to W , and finally, after composition on the left by /, 
from X to W . We desingularize this morphism: 

X 

X ■>- W 

and we get the following global diagram, where ttj^ is a bimeromorphic map: 

X — ^-^w . y 

X^-^][X) ^Y 

Now / o TTjf = TTy o [iy^ ° f)j ^-nd we know the functoriality formula for tt-^, ny and i^r by Proposition 
14.101 Since tt^ is injective, it is enough to show the functoriality formula for /. So we will assume that 
/ is onto. 

Let (r, Y) be a desingularization of JF. We have the diagram 

X x^Y ^Y 




T 

" f 

X — ^Y 
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where r~^(suppjF) = _D C F is a divisor with simple normal crossing and the map X Xy Y 

is a bimeromorphic morphism. We have a meromorphic map X *- X XyX we desingularize 

it by a morphism T ^X Xy Y. Therefore, we obtain the following commutative diagram, where 

7r:T ^X is a bimeromorphic map: 




Therefore we can assume that supp(J-') is included in a divisor with simple normal crossing D. We 
desingularize f~^{D) so that we are led to the case supp(jF) C D, where D and f~^{D) are divisors with 
simple normal crossing in Y and X respectively. In this case, we can use the first lemma of functoriality 
mSKiii). □ 

4.2. The case of sheaves of positive rank. In this section, we consider the case of sheaves of arbitrary 
rank. We are going to introduce the main tool of the construction, namely a devissage theorem for 
coherent analytic sheaves. Let X be a complex compact manifold and an analytic coherent sheaf on 
X. We have seen in section |4T] how to define ch{T) when is a torsion sheaf. 

Suppose that J-' has strictly positive generic rank. When J-' admits a global locally free resolution, we 
could try to define ch(jF) the usual way. As explained in the introduction, this condition on J- is not 
necessarily fulfilled. Even if such a resolution exists, the definition of ch{T) depends a priori on this 
resolution. A good substitute for a locally free resolution is a locally free quotient with maximal rank, 
since the kernel is then a torsion sheaf. Let JF^^j. C be the maximal torsion subshcaf of !F. Then 
T admits a locally free quotient £ of maximal rank if and only ii J- / -r is locally free. In this case, 

■'tor 

£ = T/j, . 

' -^tor 

Unfortunately, the existence of such a quotient is not assured (for instance, take a torsion-free sheaf which 
is not locally free), but we will show that it exists up to a bimeromorphic morphism. 

Theorem 4.11. Let X be a complex compact manifold and T a coherent analytic sheaf on X. There 

exists a bimeromorphic morphism a: X '^X, which is a finite composition of blowups with smooth 

centers, such that a*T admits a locally free quotient of maximal rank on X. Such quotients are unique, 
up to a unique isomorphism. 

Proof. Let r be the rank of J^. We define a universal set X hy X = ]J^^x * where Gr * (r, J^^^) 

is the dual grassmannian of quotients of J^^^ with rank r. The set X is the disjoint union of all the 

quotients of rank r of all fibers of J-. The canonical map a:X ^X is an isomorphism on cr^^ (jFiog) . 

We will now endow X with the structure of a reduced complex space. 

Let us first argue locally. Let O^j^ — —^^ O'^^j 5~ J-^jj be a presentation of T on an open set 

U. Here, M is an element of 97tg_p(C'[j) . Then, for every x in U, we get the exact sequence 

Mix) TT^ 

\x 

We have an inclusion 

Gr * {r, T^^) C ^ Gr * (r, C?) =^ Gr(g - r, q) 
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given by 



(9 7r^,Q) ^- 



where q and Q appear in the following diagram: 

M(x) 

CP — --^ c« - 



■^1 



ker(g o nj, 



-^0 



Q 



Therefore, we have a fibered inclusion a ^{U) '~ U x Gr(g — r,q) . We know that 

a-'^{U) = {{x,E) gU X Gv{q - r,q) such that ImM{x) C E}. 

Let (ei,...,eg) be the canonical basis of C, and ef,...,e* its dual basis. We can suppose that 
e*, . . . , e are linearly independent on E. We parametrize Gr(g — r,q) in the neighborhood of x by 
a matrix A — (flij) G 97lr,(j-r(C ). The associated vector space will be spanned by the columns of the 

matrix ^^'^^'^^ • Writing M = ^Mj^ i<3<g ' ^^{^) is a subspace of E if and only if for all i, 1 < i < p, 



q—r 



{Mi{x)ei H h Ml{x)e^ ^ + aijCg-r+i + h ar,ieg) 







in /\^ C. This is clearly an analytic condition in the variables x and aij, thus a ^{U) is an analytic 
subset of [/ X Gr{q — r,q). We endow cr~^([/) with the associated reduced structure. 

We must check carefully that the structure defined above does not depend on the chosen presentation. 

Let us consider two resolutions of on [/ 



M 



np' ^' ni' 



-^0 



-^0 



and a {q',q) matrix a:0% 



-CL such that the diagram 



commutes. The morphism 




U X Gr{q -r,q) 



U X Gv{q' - r, q') 
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is given by {x,E) I s- (x, tt^ ^'jt^{E)) according to the following diagram: 

M(x) 




M'(x) 

Since n'^(a{x){E)) = n^{E), we have n'^~^n^{E) = 7r^~^7r^a(a;)(£^)). We can write this 

^-^^(E) = a{x){E)+keTTr'^ = a{x){E) +lmM'{x). 

If {xq, Eq) is an element of a~^{U) x Gv{q — r, q), then a{xo){Eo) + ImM'(xo) belongs to Gr(g'' — r, q'). 
We can suppose as above that e* , . . . , e*_^ are linearly independent on Eq. Therefore, Eo is spanned by 
q — r vectors Ai, . . . , Ag-r where Ai = (O, . . . ,1, . . . , ai^i, . . . , Og-r.i)'^, the first "1" having index i. Then 
a{xo){Eo) + ImM'(a;o) is spanned by the vectors (a{xo){Ai) + M'^xq)) i<i<<,-r , where the M'^ are the 

l<3<p' 

columns of M'. We can find q' — r independent vectors in this family, and this property holds also in a 
neighborhood of {xo,Eq). We denote these vectors by [a{x){Aii.) + M'^''(a;))^^^^^,_^. Let us define 

/(Ai, . . . , Ag_r, x) = span(a(a;)(A.^ ) + M'^" {x)) i<fc<,,_^. 

This is a holomorphic map defined in a neighborhood of (xq, Eo) with values in J7 x Gr(g' — r, q'). On the 
same pattern, we can define another map g on a neighborhood of /(xg, i?o) with values in [/ x Gr(g — r, q). 
The couple (f,g) defines an isomorphism of complex spaces. This proves that X is endowed with the 
structure of an intrinsic reduced complex analytic space (not generally smooth). 

We define a subsheaf M oia *T by 

Miy) = {s e G*Tiy) such that \l{x,{q,Q}) e F, e kerg}. 

Remark that M is supported in the singular locus of a *T. 

Lemma 4.12. M satisfies the following properties: 

(i) M is a coherent subsheaf of a*T . 

(ii) (j*Tlj\j is locally free andxBx^ia* T j = rank(J^). 

Proof. We take a local presentation O^jj — ^^-^ OJ^ — J^^jj of J^. Then a*J^ has the presen- 
tation 

o'p ni ^ (T * T ^ n 

'-^Icr-nC/) *^|o-i(!7) •^\a--'{U) ^ 

Let {x,E) \ ^ (^fi{x, E), . . . , fq{x, E)) be a section of on F C a~^{U). Then s is a section of 

J\f if and only if for every {x, E) in V , {fi{x, E), . . . , fq{x, E)) is an element of E. Let Ug_j. ^ be the 
universal bimdle on Gr((7 — r,q). Then U^_^ ^ |y is a subbimdle of O'ly and J\f^y is the image of U^_^ ^ 

by the morphism Uq^r,q\v'' ^ ^la-^iu) — '^*-^\(7-^{u) ' A/" is coherent. 

(ii) Let us define £ by £ = u*T j j^. For all (x, E^ in V, we have an exact sequence 

^(x,B) ^ ^ -^Kx.B) ^ 
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and a commutative diagram 

E'^ 



■^\{x,E) ^ 



The first vertical arrow is the morphism U^_^ ^ ^7V restricted at (a;, E), so it is onto. Thus tt^{E) 

is the image of the morphism J^^i^^ ^"^W ^i'^ce we have an exact sequence 

— ^^AE) — — -0 

where {x,E) — {x,Q), then dim7r^(i?) = dimJF|^ — r. Since dimJFj^ = dim7rj,(£') + dim^ij.^ we get 
dimf ij.^ — r. We can see that A/" is a torsion sheaf, for £ is locally free of rank r. □ 



We can now finish the proof of Theorem 14.111 Using Hironaka's theorem, we desingularize the complex 

space X. We get a succession of blowups with smooth centers a: X' ^X where X' is smooth. By the 

Hironaka-Chow lemma (see jAn-Ga( Th. 7.8]), we can suppose that r = cr o ^ is a succession of blowups 
with smooth centers. Since £ is locally free, the following sequence is exact: 

^T*T ^a*£ ^0. 

Therefore r *J- admits a locally free quotient of maximal rank. The unicity is clear. This finishes the 
proof. □ 

4.3. Construction of the classes in the general case. Let X be a complex compact manifold of 
dimension n. 

4.3.1. Let be a coherent sheaf on X which has a locally free quotient of maximal rank. We have an 
exact sequence 

s-T ^ jc- ^0 

where T is a torsion sheaf and £ is locally free. Then we define ch(jF) by ch(jF) = ch(T) + ch(£), where 
ch(T) has been constructed in part 14.11 Remark that ch(jF) depends only on JF, the exact sequence 
T £ s- being unique up to (a unique) isomorphism. 

We state now the Whitney formulae which apply to the Chern characters we have defined above. 

Proposition 4.13. Let s- Q s- 7Y 5~ be an exact sequence of coherent analytic 

sheaves on X . Then ch{J-), ch(Q) and ch(7i) are well defined and verify ch(Q) — ch(jF) + ch(7i) under 
any of the following hypotheses: 

(i) Q, Ti are locally free sheaves on X . 

(ii) T , Q , TL are torsion sheaves. 

(iii) Q admits a locally free quotient of maximal rank and J- is a torsion sheaf. 

Proof, (i) If G, "H are locally free sheaves on X, then ch(jF) = ch{!F), ch{Q) — ch{Q), ch(7i) = ch(7i) 
and we use Proposition 13.71 (i). 

(ii) This is Proposition [O] (i). 

(iii) Let £ be the locally free quotient of maximal rank of Q. We have an exact sequence 

— — ^£ ^0 
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where T is a torsion sheaf. Since J- is a torsion sheaf, the morphism J- s- Q s- S is identically 

zero. Let us define T' by the exact sequence 

^ T' n ^ £ ^ 0. 

Then T' is a torsion sheaf and we have the exact sequence of torsion sheaves 

^ J" ^ T ^ T' ^ 0. 

Thus Ti. admits a locally free quotient of maximal rank, so that ch(7i) is defined and 

ch{n) ^ ch{£) + ch(r') = ch{£) + ch(r) - ch(J^) by (ii) 

= ch(g)-ch(.F). 

□ 

Let us now look at the functoriality properties with respect to puUbacks. 

Proposition 4.14. Let f:X s^y be a holomorphic map. We assume that 

— dimy = n and dhnX < n, 

- if dim X = n, f is surjective. 

Then for every coherent sheaf on Y which admits a locally free quotient of maximal rank, the following 
properties hold: 

(i) The Chern characters ch(Tori(J^, /)) are well defined. 

(ii) /*ch(.F) = 5](-l)'ch(Tor,(.F,/)). 

Proof, (i) If dimX < n, the classes ch(Tori(jF, /)) are defined by the induction property (E„_i). If 
dimX — n and / is surjective, then / is generically finite. Thus all the sheaves Tor,;(jF, /), i > I, are 
torsion sheaves on X, so their Chern classes are defined by Proposition [121 The sheaf /*JF admits on X 
a locally free quotient of maximal rank so that ch(/ *T) is well defined. 

(ii) We have an exact sequence 

— ^£ ^0 

where T is a torsion sheaf and £ is a locally free sheaf. Remark that, for i > 1, Tori(jF, /) ~ Tori(T, /). 
Thus, by Proposition 13.71 fii) and Proposition l4.3l (iii). 

^(-l)Vh(Tor,(.F,/)) =d^(/*£) +ch(/*r) +^(-l)'ch(Tor,(r,/)) 

i>0 i>l 

= f*ch{£)+ch{f'-[T])^f*{ch{£)+ch{T))^f*ch{T). 

□ 

4.3.2. We consider now an arbitrary coherent sheaf on X. By Theorem l4.11l there exists a:X ^X 

obtained as a finite composition of blowups with smooth centers such that a *T admits a locally free 
quotient of maximal rank. This is the key property for the definition of (HaiT) in full generality. 

Theorem 4.15. There exists a class ch(J-') on X uniquely determined by T such that: 

(i) If a: X ^X is a succession of blowups with smooth centers such that a* J- admits a locally 

free quotient of maximal rank, then a * c\\{T) = y~^(— 1)' ch(Tori(jF, cr)) . 

(ii) IfY is a smooth submanifold of X , ch (i]^[J-']) = iy ch(J-'). 
Remark 4.16. By Proposition 14. 141 {\). all the terms in (i) are defined. 
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Proof. The proof of (i) will use Lemmas 14.171 14.181 and 14.191 We will prove the result by induction on 
the number d of blowups in ct. li d = 0, J- admits a locally free quotient of maximal rank and we can use 
Proposition 14.141 

Suppose now that (i) and (ii) hold at step d — I. As usual, we look at the first blowup in cr 




The sheaves ToTj{T,(j) are torsion sheaves for j > 1 and a* ToTo{T,a-) — a* J- admits a locally free 
quotient of maximal rank. Since ai consists of d — 1 blowups, we can define by induction a class j{J-) in 
Hg{Xi,Q) as follows: 

Lemma 4.17. <7*-/{J') = ^(-1)* ch(Tor,(J^, cr)) . 

j>0 

Proof. We have by induction 

^i*7(-^)= E (-ir+^ch[Torp(Tor,(.F,;?),ai)] = ^ (-1)^+^ ch(£;r ) 

where the Tor spectral sequence satisfies 

= Torp(Tor,(.F,5),fTi) 

All the E^'"^, 2 < r < oo, are torsion sheaves except perhaps E^''^. Remark that no arrow d^''^ starts or 
arrives at E^''^. Thus we have 

{-iy+'^[En^ E (-ir«[i?^'1-E(-l)'[Tor,(.F,a)] 



P + 9>1 



p + g>l 



i>l 



in Gtoj.s(X). Using Proposition 14. 131 fii). we get 

a*j{T) = ch{E^'°) + ch (J2 (-1)' Tor,(.F, a] 



= ^(-l)Vh(Tor,(.F,a) 
Lemma 4.18. There exists a unique class ch{J-,a) on X such that ^{T) — ct * ch( J^, cr) . 



□ 
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by induction property (ii) 



Proof. We have 

j>a 

= 5](-l)^ch^(*i, [Tor,(^,a)]) 

j>0 

= ch^(zl,?![^]) = ch^(g!zi.[^]) = g*ch^(z],[^]) by (F„_i). 

By Proposition 13. 51 (vi), there exists a unique class ch(jF, a) on X such that 'y{J-) = a* ch(jF, a). □ 
Putting Lemma [4.171 and Lemma [4.181 together 

a* ch{T, a) ^ a,*^{T) = Y,i-'^y ch{T0Y,{T, a)). 

i>0 

Lemma 4.19. The class ch(jF, cr) does not depend on a. 

Proof. As usual, if we have two resolutions, we dominate them by a third one, as shown in the diagram 

X 







X 



Now 



= 5](-l)^ch(Tor,(.F,a)) 



by Lemma [4. 181 
by Lemma [4 .171 



i>0 



By symmetry a* ch(jF, <j) — cr* ch(jF, a') and we get the result. 



□ 



We proved the existence statement and part (i) of Theorem 14. 151 if cr consists of at most d blowups. The 
general case follows using the diagram above. 



We must now prove Theorem l4.15l (iiV Let F be a smooth submanifold of X. We choose a:X ^X 

such that a* J- admits a locally free quotient of maximal rank and a^^iY) is a simple normal crossing 
divisor with branches Dj. We choose as usual j such that q* is injective, qj being defined by the diagram 



Y 



X 



X 



We have 



q;c\x''{^'y[T])^c\,^'{q]^'y[T])^ch'''{^'■^y■[T]) 
= E(-1)' zB,ch(Tor,(.F,a)) 



by Proposition 14. 141 (ii). 



i>0 



Now, by the point (i), we have X]i>o(^l)' ch(Tori(J^, cr)) = a* c\y{T). Thus we get 
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Therefore ch(i|,[jF]) — iy ch(jF) and the proof is complete. □ 

5. The Whitney formula 

In the previous section, we achieved an important step in the induction process by defining the classes 
ch(^) when T is any coherent sheaf on a n-dimensional manifold. To conclude the proof of Theorem l4.2| 
it remains to check properties (W„), (F„) and (Pn). The crux of the proof is in fact property (W„). The 
main result of this section is Theorem 15. II The other induction hypotheses will be proved in Theorem 

Theorem 5.1. (W„) holds. 

To prove Theorem 15. 1[ we need several reduction steps. 

5.1. Reduction to the case where T and Q are locally free and is a torsion sheaf. 

Proposition 5.2. Suppose that (W„) holds when T and Q are locally free sheaves and TL is a torsion 
sheaf. Then (W„) holds for arbitrary sheaves. 

Proof. We proceed by successive reductions. 

Lemma 5.3. It is sufficient to prove (W„) when T , Q , Ti admit a locally free quotient of maximal rank. 

Proof. We take a general exact sequence ^ T Q s- Ti, 5~ 0. Let a : X be a 

bimeromorphic morphism such that a*J-, a*Q and a*'H admit locally free quotients of maximal rank 
(we know that such a a exists by Theorem 14. lip . We have an exact sequence defining Q and Ti : 



\ / 
Q 

/ \ 

••• • ToTi^g.a) ' Tori(7^,cr) '(J*T <7*g ^(j*H ► 

\ / 

/ \ 


Remark that 7i is a torsion sheaf. By Proposition 14. 131 (iii). Q admits a locally free quotient of maximal 
rank and c\i{a*J-) = ch(7i) + ch(Q). Furthermore, 

[Ti] - [Tori(7^, a)] + [Tori(g, a)] - • • • = in G,,,,{X). 

Then by Proposition 14. 101 (i) and Proposition 13331 (ii), 

a* {ch{T) + c\i{n) ~ ch{g)) =^(-l)'[ch(Tor,(J^,(7)) + ch(Tor,(H, ct)) - ch(Tor,(g, fx)) 

i>0 

= ch(cr*j^) +c\i{a*n)-ch{(j*g) -ch(ri) 

= ch(Q)+ch(CT*7^) -ch((7*g). 

Since cr* is injective. Lemma 15.31 is proved. □ 

Lemma 5.4. It is sufficient to prove (W„) when T , g admit a locally free quotient of maximal rank and 
Ti. is a torsion sheaf. 
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Proof. By Lemma f5.3[ we can assume that JF, Q, Ti admit a locally free quotient of maximal rank. In 
the sequel, the letter "T" will denote a torsion sheaf and the letter a locally free sheaf. Let fi be 
the locally free quotient of maximal rank of 7i, so we have an exact sequence 

^ Ti ^ n £i ^ 0. 

We define Ti by the exact sequence 

^ Ti ^ g ^ £i ^ 0. 

Then we get a third exact sequence 

^ T ^ Ti ^ Ti ^ 0. 

We have by definition ch(7i) = ch(£i) + ch(ri). Thus, 

ch(^) + ch(H) - ch{g) = (ch(.F) + ch(ri) - ch(.Fi)) + (ch(.Fi) + d^(f i) - ch(g)) 

- (ch(Ti)+dI(5i)-ch(W)) 
= (ch(.F) + ch(Ti) - ch(.Fi)) + (ch(.Fi) + dl(f i) ~ ch{g)) . 
Let £2 be the locally free quotient of maximal rank of g. We define T2 by the exact sequence 

— ^ T2 — ^ g ^ £2 ^ 0. 

The morphism from g to £1 (via Ti.) induces a morphism £2 ^£1 which remains of course surjective. 

Let £3 be the kernel of this morphism, then £3 is a locally free sheaf. We get an exact sequence 

^ T2 ^ ^ £3 ^ 0. 

Therefore admits a locally free quotient of maximal rank and ch{Ti) = ch(72) + ch(£3). On the 
other hand, by Proposition 14. 131 fi). ch(£i) +ch(£3) — ch(f2), and we obtain ch(jFi) +ch(5i) — ch(t/) = 
(ch(T2) + d^(f3)) + (d^(f2) - d^(f3)) - (ch(T2) +d^(f2)) = 0. Therefore, 

ch{T) + ch{H) - ch{g) = ch{T) + ch(Ti) - ch(J^i). 
Since 7i is a torsion sheaf, we are done. □ 
We can now conclude the proof of Proposition [HH 

By Lemma [531 '^6 can suppose that J-', g admit locally free quotients of maximal rank and is a torsion 
sheaf. Let £i and £2 be the locally free quotients of maximal rank of JF and g. We define 71 and T2 by 
the two exact sequences 

Ti ^ T ^ £1 ^ 

^ T2 ^ g ^ £2 ^ 0. 

The morphism ^g induces a morphism 7i s-72 . We get a morphism £1 ^£2 with 

torsion kernel and cokernel. Since £1 is a locally free sheaf, this morphism is injective. In the following 
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diagram, we introduce the cokernels and 74 






By the nine lemma, — 
by Proposition 14.31 fi) . 

ch(J^) + ch(7^) - ch(^;) = ch(Ti) + ch{£i 



is an exact sequence of torsion sheaves. Then 



= ch(£:i 



ch(T3) + ch(T4) - ch(r2) - Ch{£2) 
ch(r4) -d^fe). 



This finishes the proof. 



□ 



5.2. A structure theorem for coherent torsion sheaves of projective dimension one. In section 
15.11 we have reduced the Whitney formula to the particular case where and Q are locally free sheaves 
and 7i is a torsion sheaf. We are now going to prove that it is sufficient to suppose that Ti. is the 
push- forward of a locally free sheaf on a smooth hypersurface of X. The main tool of this section is the 
following proposition: 

Proposition 5.5. Let Ti. be a torsion sheaf which admits a global locally free resolution of length two. 

Then there exist a bimeromorphic morphism a: X i~X obtained by a finite number of blowups with 

smooth centers, a simple normal crossing divisor D, D C_ X, and an increasing sequence (^i)i<i<r '^f 

r 

subdivisors of D such that cr*Ti. is everywhere locally isomorphic to ^ ^x/t 

4=1 



£1 



El 



be a locally free resolution of , such that rank(£i) 



Proof. Let 0- 

rank(f2) = t- Recall that the A:th Fitting ideal of Ji is the coherent ideal sheaf generated by the 
determinants of all the fc x fc minors of M when M is any local matrix realization in coordinates of the 
morphism E\ (for a general presentation of the Fitting ideals, see [Ei]). We have 

Fitti(7i:) D Fitt2(7i) 3 • • • 3 Fitt^(7i;) 3 {0}. 



These ideals have good functoriality properties. Indeed, \i g:X 
the sequence 5^ a*E\ 5^ 0*82 ^ o- *7Y — 



-^X is a bimeromorphic morphism, 
is exact and V\\Xj{a*n) = CT*Fittj(H) (by 



a* Fittj(7i), we mean of course its image yhO^). By the Hironaka theorem, we can suppose, after taking 
a finite number of puUbacks under blowups with smooth centers, that all the Fitting ideals Fittfc(J-") are 
ideal sheaves associated with effective normal crossing divisors D'^,. Now, take an element x aiX. Consider 
an exact sequence 



or 



M 



0^ 



n 
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in a neighbourhood of x. The matrix M is a. r x r matrix of holomorphic functions on U. Let |0i =0} 
be an equation of Di around x. Then we can write M = 0iMi and the coefficients of Mi generate O^. 
Thus, at least one of these coefficients does not vanish at x. We can suppose that it is the upper-left one. 
By Gauss elimination process, we can write 



■ 

M = 6 




Then, since Fittfe(^)|jj = Fittfe(M), we get Fitt2(M) = 0?Fitti(M2). Since Fitt2(M) is principal, so is 
Fitti(M2) and we write Fitti(M2) = (02)- Then, by the same argument as above, we can write 



M = 




By this algorithm, we get 



M = 



/0i 




Vo 





h4'2 



\ 



01 • • • 4>rJ 



and then 



\u 



o 



X , 



. 0rO, 



XJ \U 



Thus, if Di, . . . , Dr are the divisors of 



<Pi,9i<P2, ■ ■ ■ , 91 <P2 ■ 
defined by T. 



br, we have = D'^, — -D^_-^, which shows that the divisors are intrinsically 

□ 



From now on, we will say that a torsion sheaf H is principal if it is everywhere locally isomorphic to 

r 

a fixed sheaf O^/t where the Di are (non necessarily reduced) effective normal crossing divisors 
i=i 

and Di < D2 < ■ ■ ■ < Dj.. We will denote by i'(W) the number of branches of D, counted with their 
multiplicities. 

Proposition 5.6. It sujfices to prove the Whitney formula when T and Q are locally free sheaves and H 
is the push-forward of a locally free sheaf on a smooth hypersuface. 



Proof. We proceed in several steps. 
Lemma 5.7. Consider an exact sequence 0- 



£- 



-0 where Y is a smooth hy- 



persurface of X , Q is a locally free sheaf on X and £ is a locally free sheaf on Y . Then T is locally free 
on X. 

Proof. Let be the maximal ideal of the local ring O^. By Nakayama's lemma, it suffices to show that 
for every x in X, Tor^ " [T^, O^/m^) = 0. Since F is a hypersurface, iy^^S admits a locally free resolution 
of length two. Thus Torf ^ (jT^, OJm^) ~ Tor^^ {{iY*£)x , OJm^) =0. □ 
Lemma 5.8. It suffices to prove (W„) when T , Q are locally free sheaves and H is principal. 
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Proof. By Proposition [5T11 it is enough to prove the Whitney formula when Q are locahy free sheaves 
and 7i is a torsion sheaf. So we suppose that JF, Q and Ti. verify these hypotheses. By Proposition 15.51 

there exists a bimeromorphic niorphisni a: X such that a*TL \s principal. We have an exact 

sequence 

^Tori(7i:,cr) ^cr*jr ^a*g ^cr*H ^ 0. 

But Tori(?i, a) is a torsion sheaf and a* J- is locally free, so we get an exact sequence 

^(y*T ^(J*g ^cr*n ^ 0. 

and we have Tori(7i, cr) = for i > 1. By Proposition l3.7l fii). we obtain the equalities ch(o' *T) = (T *ch{T) 
and ch(cr*5) = cr *ch(5), and by Proposition US] (iii) we get ch(cr*H) =a*ch{H). Thus 

a * {ch{J=-) + ch{H) - ch{g)) = ch{a *T) + ch(CT *n) - '^{a *g). 

□ 

Lemma 5.9. Suppose that (W„) holds if T , g are locally free sheaves and TL is the push-forward of a 
locally free sheaf on a smooth hypersurface. Then (W„) holds when T . g arc locally free sheaves and TL 
is principal. 

Proof. We argue by induction on v{Ti). If v{Ti) = 0, 7i = and ~ t/. If v{Ti) = 1, 7i is the 
push-forward of a locally free sheaf on a smooth hypersurface and there is nothing to prove. 

In the general case, let be a branch of Di. Since Y < Di for every i with 1 < z < r, we can see that 
£ = is locally free on Y. Besides, if we define H by the exact sequence 

^ H ^ H ^ v*^ ^ 0' 

r 

H is everywhere locally isomorphic to Ox If ■ Thus H, is principal and v{J-C) — v(^) — 1. We 
define £ by the exact sequence: 

^ g ^ iy^E ^ 0. 

By Lemma 15.71 E is locally free. Furthermore, we have an exact sequence 

— ^ T — ^ £ — ^ n ^ 0. 

By induction, ch(£) — ch(jF) + ch(7i) and by our hypothesis ch(CJ) = ch(£) +ch(iy^£). Since 7i, 7i and 
iy^E are torsion sheaves, ch(H) = ch(H) + ch(iY*£) and we get ch(CJ) = ch(JF) + ch(W). □ 

Putting the two lemmas together, we obtain Proposition 15.61 □ 

5.3. Proof of the Whitney formula. We are now ready to prove Theorem 15. II 

In the sections 15.11 and 15. 2| we have made successive reductions in order to prove the Whitney formula 
in a tractable context, so that we are reduced to the case where T and g are locally free sheaves and 
7i = iy*^^ where K is a smooth hypersurface of X and £ is a locally free sheaf on Y . Our working 
hypotheses will be these. 

Let us briefly explain the sketch of the argument. We consider the sheaf on X x obtained by 
deformation of the second extension class of the exact sequence ^ T ^ g Ji ^ 0. 

Then t/|xx{o} — ®'H and g\xx{t} — G for t ^ 0. It will turn out that g admits a locally free quotient 
of maximal rank Q on the blowup of X x along Y x {0}, and the associated kernel Af will be the 
push-forward of a locally free sheaf on the exceptional divisor E, say J\f — iE*C. Then we consider the 
class a = ch(Q) -t-is, (ch(£) id{N ^ / x)^^) on the blowup. After explicit computations, it will appear that 
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a is the puUback of a form /3 on the base X x P^. By the P^-homotopy invariance of Dehgne cohomology 
(Proposition 13. 31 (vi)). /3|xx{t} does not depend on t. This will give the desired result. 

Let us first introduce some notations. The morphism T Q will be denoted by 7. Let s be a global 

section of C'pi(l) which vanishes exactly at {0}. Let \)X^:X x P^ be the projection on the first 

factor. The relative 0(1), namely O^^ Kl C'pi(l), will still be denoted by 0(1). We define a sheaf Q on 
X X P^ by the exact sequence 

pri* T -— — pri* T{\) pr^* g Q 0. 

(id ®s, 7) 

Remark that ^0 - -^^ © H and ~ ^ if i 7^ 0. 
Lemma 5.10. There exist two exact sequences 

(i) — ^ pr * — ^ g — ^ pri* n ^ 

(ii) -prrg(l) ^^Xo*'>^ 0. 

Remark 5.11. (i) implies that g is flat over P^. 

Proof, (i) The morphism prj* J-{1) ffi prj* g 5«- prj* g 5«- pr j* Ti. induces a morphism g pr * Ti. . 

If /C is the kernel of this morphism, we obtain an exact sequence 

pr; T . pr; Til) pr^ T /C 0. 

(id ®s, id) 

Thus /C = pT^T{l). 

(ii) We consider the morphism prf © pr^ g prj" g{l) 

f + 9 ^ lif) - 5 ® s- 

It induces a morphism c/j'.g *~pri* ^(1). The last morphism of (ii) is just the composition 

pri* 5(1) ^ ixo*S ^ ixo*^ 

The cokernel of this morphism has support in X x {0}. Besides, the action of t on this cokernel is 
zero. The restriction of (p to the fiber Xq — X x {0} is the morphism T © H ^g , thus the sequence 

g ^pr;C/(l) ^ *Xo*^ is exact. The kernel of <j>, as its cokernel, is an Oj^^-module. 

Thus we can find Z such that ker^ — ij^^^Z. Since Xq is a hypersurface of X x P^, for every coherent 
sheaf £ on X X P-^, we have Tor2(£,ixn) — ^- Applying this to £ = g / ■ „ and using Remark [5.111, we 
get 

Tori(z^„,Z,z^J C Tori(5,i^J = {0}. 
But Tori(i^^,2,z^J ~Z^N*^/^^p, ~ Z, so Z = {0}. □ 

Recall now that H = iy^^ where F is a smooth hypersurface of X and £" is a locally free sheaf on Y . We 
consider the space My/x '^^ ^^le deformation of the normal cone of F in X (see |Fuj ) . Basically, My fx 

is the blowup of X x P^ along Y x {0}. Let a: Myjx ^ be the canonical morphism. Then 

a*XQ is a Cartier divisor in My^x ^'^^^ two simple branches: E ~ T^Ny^x ® ^y) ^^"^ ^ ~ X ^ X, 
which intersect at P(iVy^^) ~ Y . The projection of the blowup from i? to F x {0} will be denoted by g, 
and the canonical isomorphism from 13 to X x {0} will be denoted by fi. 

We now show: 
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Lemma 5.12. The sheaf a*Q admits a locally free quotient with maximal rank on M^^^, and the 
associated kernel J\f is the push-forward of a locally free sheaf on E. More explicitly, if F is the excess 
conormal bundle of q, Af = i^^ (q *£ O -F) • 



Proof. We start from the exact sequence 5- Q pr * s- ^Xa*^ ^ ^- define Q 

by the exact sequence Q a* pr^* Q(\) ^ ^*^Xo*^ ^ ^- Since o'*ixo*^ push- 
forward of a locally free sheaf on E, by Lemma [5771 the sheaf Q is locally free on My^^. The sequence 



0- 



■Tori(i^^,7^,f7 







is exact. The first sheaf being a torsion sheaf, Q is a locally free quotient of Q with maximal rank. 
Besides, using the notations given in the following diagram 



E 



Y/X 



r X {o}< 



X X 



we have ToTi{ix ,'^7f) = i^^{q*£ ® where F is the excess conormal bundle of q (see |Bo-Se[ § 15]. 
Be aware of the fact that what we note F is F * in |Bo-Sej ) . This finishes the proof. □ 



Q 



where Q is locally free on 



We consider now the exact sequence — 
My/x and A/" = iE*{'i*^®-^) ~ ^e*^- would like to introduce the form ch(o'*tJ), but it is not defined 
since My/x is of dimension n + 1. However, a*Q fits in a short exact sequence where the Chern classes 
of the two other sheaves can be defined. Remark that we need Lemma [5.121 to perform this trick, since 
it cannot be done on X x P-'^. 



Lemma 5.13. Let a be the Dcligne class on My^x defined by a ^ ch(Q) - 

(i) The class a is the pullback of a Dcligne class on X x ¥^ . 

(ii) We have i^a ^ fi* ch^° (Go) ■ 

Proof. We compute explicitly i^a. 



(ch(£)td( 



N 



'■E 'B* 



ch(/:)td(iv^/,. 



E/My 



c,{N^ 



E /M. 



Y/ X ' 



= ^{C)(l-e-''^''''"'^ 



= ch(/:) -ch(£®iV^ 



E/My 



by Proposition 13.51 (vii) 



by Proposition 13.71 (ui) 



ch(z^AA) -ch(/:®iVJ/jvf 
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From the exact sequence ^ Af ^ <j*G ^ Q ^ 0, we get the exact sequence of locally 

free sheaves on E: i '^JV ^ (t*Q ^ i ^ Q ^ 0. Since i ^ ch(Q) = ch(i|.Q) , we obtain 

i^a = ch(z^Q) +ch(i|;7V) - 'cE{£ (g) N*^j^j^^^) 

= ch(i^CT *g) ~ ch{C (K) N^/j^j^^J by Proposition [3Jl (i) 

= dh{q*i^J^) + ch{q *zpn) - ch{C ® N*/^,^^^ ) 

= g*ch(iyJ^) + q*ch{£) ~ch{q*£ (gi F ® N^/J^^^^J by Proposition [37] (ii) • 

Recall that the conormal excess bundle F is the line bundle defined by the exact sequence 

F 1*N^/x.r^ " 0- 

Thus, we have det(q*iV^/^^pi) = F <g N*^j^j^^^. Since det((?*iV^/_^ ^ pi) = det(A''^/_^^pi), we get by 
Proposition 13. 71 fii) again 

i^^a = q*[ch{i*T) + chiS) ~ ch{£ (g det(Ar;/^^pi))] . 

This proves (i). 

(ii) The divisors E and D meet transversally. Then, by Proposition 13. 51 (iv). 



, -1 



We remark now that i* C = innp A/". Since dim(i? n D) = n — 1, we obtain 

Er\D — ^E ^'^^ ^ ' 

= dI(^*Q) +ch^(z^^^^^^i*n^AA) = dI(z*Q) +ch^(z*AA). 

We have the exact sequence on D: *d-^ ^ *d '^*'5 ^ ^hO, ^ 0. Therefore i'^ a*Q 

admits a locally free quotient of maximal rank and, \x being an isomorphism, 

dl(z^Q) +ch^(f*AA) =ch^(z* a^g") =ch^(/i*ao) =M*ch^"(^o). 

□ 

We are now ready to use the homotopy property for Deligne cohomology (Proposition [231 (vi)). 

Let a be the form defined in Lemma 15.131 Using (i) of this lemma and Proposition 13. 51 (vi), we can write 
a = cr*/3. Thus = i'^a*(5 = By (ii) of the same lemma, i£,Q; — ^* ch^" (Qq) and we get 

i^^P = ch^" (^o). If t e Pi\{0}, we have clearly = ch(e^). Since = /3|^^ we obtain 

chiG) = ch^" (^o) = ch{J^) + ch(n). 

□ 

We can now establish the remaining induction properties. 

Theorem 5.14. The following assertions are valid: 

(i) Property (F„) holds. 

(ii) Property (P„) holds. 



40 



JULIEN GRIVAUX 



Proof, (i) We take y = [J-]. Let us first suppose that / is a bimeromorphic map. Then there exists a 

bimeromorphic map a: X such that (/ o a) *T admits a locally free quotient of maximal rank. 

Then by Theorem [US] (i), 

a* c\,{f\T\) = A.{a' f\T\) = (/ o a) * ch.F = a * [/ * ch(^)] . 

Suppose now that / is a surjective map. Then there exist two bimeromorphic maps ttj^- : X- 

■^Y such that: 

/ 



■X. 



TTy '■ Y s-y and a surjective map /: X 



the diagram X 




IS commutative. 



- the sheaf npj^ admits a locally free quotient £ of maximal rank. 

We can write Trj- [J^] = in G(y), where y is in the image of the natural map t: Gtoj.s(F) ^G{Y). 

The functoriality property being known for bimeromorphic maps, it holds for tt-^ and TTy. The result is 
now a consequence of Proposition 13. 71 (ii) and Proposition [13] (iii). 

In the general case, we consider the diagram used in the proof of Proposition 14.31 (iii) 



X 



X 



W ■ 



Y 



fix) 



Y 



where / is surjective. Then the functoriality property holds for / by the argument above and for by 
Theorem 14.151 (ii) . This finishes the proof. 

(ii) We can suppose that x — [J-], y — [tj] and that T and Q admit locally free quotients 5i, Ei of maximal 
rank. Let 7i and 72 be the associated kernels. We can also suppose that supp(7i) lies in a simple normal 
crossing divisor. Then 

c\,m\Q\) = + ch([fi].[T2]) + ch([£2].[ri]) + ch([ri].[r2]) 

= d^(£:i)d^(f2) + d^(fi) ch(r2) + d^(£2) ch(Ti) + ch([Ti].[T2]) 

by (W„), Proposition 14.31 (ii) and Proposition 13.71 (iii). By devissage, we can suppose that 7i is a 
O^-module, where Z is a smooth hypcrsurfacc of X. We write [71] = i^iW and [72] = v. Then 
[Ti] . [T2] = .i-^v). So 



ch([ri].[r2]) 



,(ch^(u.i!jz;) tA{NzixY^) 
,(ch^(u) z^ch(i.) l&{NzixY^ 
,(ch^(u) td(7V2/x)~')ch(^;) 



by (P„_i) and Proposition [430] (ii) 
by the projection formula 



= ch(^^,u) ch(z;) = ch([ri]) ch([T2]) 
The proof of Theorem 14.21 is now concluded with the exception of property (RR„). 



□ 
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6. The Grothendieck-Riemann-Roch theorem for projective morphisms 



6.1. Proof of the GRR formula. We have already obtained the (GRR) formula for the immersion of 
a smooth divisor. We reduce now the general case to the divisor case by a blowup. This construction is 
classical (see |Bo-Sej ). 

Theorem 6.1. Let Y be a smooth submanifold of X . Then, for all y in G{Y), we have 

ch(iy,y) ^ iY^{c^y)td{Nz/xy^)■ 
Proof. We blow up Y along X as shown below, where E is the exceptional divisor. 

E—^X 



Y 



X 



Let F be the excess conormal bundle of q defined by the exact sequence 

^ F ^q*N^/^ ^ N*,~ ^ 0. 



N* ~ 

E/X 



If d is the codimension of Y in X, then rank(i^) = d — 1. Recall the following formulae: 

(a) Excess formula in if-theory (Proposition 17.61 (ii)): for all y in G{Y), p' i^y — i^,(^q'y . X_^F). 



(b) Excess formula in Deligne cohomology (Proposition [XH (vi)): for each Deligne class /3 on Y, 

P*tY.0 = ^EAl*0Cd-liF*)). 

(c) If G is a vector bundle of rank r, then ch(A_i[G]) = Cr(G*) td{G*)-^ ( \Bo-Se[ Lemme 18]). 
We compute now 

P*ch(zy!y) ^ch{p-iY<y) ^ ch{iE,{q-y . X_j^[F])) 



= *£4ch^(9'y-A_i[F])td(7V 



E/X) 



*^Jg*ch^(y)ch(A_jF]) q* td{N- 



Y/X) 



td F* 



y{ch^{y)td{Ny^x)-')cd-i(F^ 

^p*Zy,{ch''iy)td{Ny^x)-') 

Thus ch{iy,y) = iy^{cl?'{y)td{Ny^^y^). 
Now we can prove a more general Grothendieck-Riemann-Roch theorem: 

Theorem 6.2. The GRR theorem holds in rational Deligne cohomology for projective morphisms between 
smooth complex compact manifolds. 



by (F„) and (a) 
by (GRR) for ij^ 

by (F„), (P„) and Proposition 13. 71 fi) 

by (c) 
by (b). 

□ 



Proof Let f : X- 
immersion i: X — 



-^Y be a projective morphism. Then we can write / as the composition of an 

-r X and the second projection p:Y x ^Y . By Theorem EH GRR is 

) 



true for i. Now the arguments in jBei] show that the canonical map from G{Y) (g)^ G(P ) to G{Y 
is surjective. Therefore, it is enough to prove GRR for p with elements of the form y . w, where y belongs 
to G{Y) and w belongs to G(P^). By the product formula for the Chern character, we are led to the 
Hirzebruch-Riemann-Roch formula for P^, which is well known. □ 
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6.2. Compatibility of Chern classes and the GRR formula. We will show that the GRR formula 
for immersions combined with some basic properties can be sufficient to characterize completely a theory 
of Chern classes. This will give various compatibility theorems. 

We assume to be given for each smooth complex compact manifold X a graded commutative cohomology 
ring A{X) = 0^1™ A' (X) which is an algebra over Q, Q C A^{X)^ with the following properties: 

(a) For each holomorphic map /: X , there is a pull-back morphism /* : A{Y) ^A{X) 

which is functorial and compatible with the products and the gradings. 

(/3) If <T is the blowup of a smooth complex compact manifold along a smooth submanifold, then a * 
is injective. 

(7) If is a holomorphic vector bundle on X and tt: P(£^) ^X is the projection of the associated 

projective bundle, then tt * is injective. 
((5) If X is a smooth complex compact manifold and 1" is a smooth submanifold of codimension d, 

then there is a Gysin morphism i^:A*{Y) ^A*+'^{X) . 

The main examples are: 

A\X) = H]^{X,Q{i)), m^^X.n*^'), H'iX,ni^), F'H^\X,C), H^\X,Q) ami H^'iX,C)- 

Then we have the following theorem: 

Theorem 6.3. Suppose that we have two theories of Chern classes Ci and c'^ for coherent sheaves on any 
smooth complex compact manifold X with values in A^{X) such that Cq = Cg = 1 and 

(i) The Whitney formula holds for the total classes c and c' . 

(ii) The functoriality formula holds for c and c' . 

(iii) // L is a holomorphic line bundle, then 

c{L) = 1 + ci(L) = c'{L) = 1 + c'i(L). 

(iv) In both theories, the GRR theorem holds for immersions. 
Then for every coherent sheaf J-', c{!F) and c'(J-) are equal. 

Remark 6.4. 1. The same conclusion holds for cohomology algebras over Z if we assume GRR 
without denominators. 

2. If X is projective, (i) and (iii) are sufficient to imply the equality of c and c' because of the 
existence of global locally free resolutions. 

3. In (iv), the Todd classes of the normal bundle are defined in A{X) since A(X) is a Q-algebra. 

Proof. We start by proving that for any holomorphic vector bundle E, c{E) and c'(E) are equal. Actually, 
this proof is a variant of the splitting principle. We argue by induction on the rank of E. Let tt : 
V(E) ^X be the projective bundle of E. Then we have the exact sequence 

^ ^^(-l) ^n*E ^ F ^ 

on V{E), where is a holomorphic vector bundle on P{E) whose rank is the rank of E minus one. By 
induction, c{F) = c'{F) and by (iii), c{Oe{~1)) = cJ{Oe{-1)). By (i), c{tt*E) = c'{n*E) and by (ii), 
Tr*[c{E) ~ c'{E)] = 0. By (7), c{E) = c'{E). 

We can now prove Theorem 16.31 As usual, we deal with exponential Chern classes. The proof proceeds 
by induction on the dimension of the base manifold X . 

Let T he 'A coherent sheaf on X . By Theorem l4. Ill there exists a bimeromorphic morphism a: X ^X 

which is a finite composition of blowups with smooth centers and a locally free sheaf £ oti X which 
is a quotient of maximal rank of cr *!F . Furthermore, by Hironaka's theorem, we can suppose that the 
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exceptional locus of a and the kernel of the morphism a *T £ are both contained in a simple 

normal crossing divisor D oi X . Thus 

n n 

^'[•^] = E(-l)'[Tor,(^,a)] = [£] [Tor,(^,a)] 

i=0 i=l 

and then o''[J^] belongs to [£] + Gjj{X). Now there is a surjective morphism 

eG^^(X) ^Gd{X) . 

Moreover, by Proposition [Ol G{Di) is isomorphic to G^^{X). Remark that td(7V^ = td'(7V^ ^~). 

By the GRR formulae (iv) and the induction hypothesis, ch and ch' are equal on each Gjj. {X). By the 
first part of the proof, ch(f) = ch'(£:). Thus ch(cr'[J="]) = ch'(cr'[J^]). By (ii), a*[ch{T) -ch'(J^)] = 0. 
Since cr* is injective by (/?), ch(J^) — ch'(J^). □ 

Corollary 6.5. Let T he a coherent analytic sheaf on X . Then: 

(i) The classes Ci{J^) in H'^{X,Q{i)) and c^{TY°p in H'^\X,'L) have the same image in H^'{X,Q). 

(ii) The image of Ci{T) via the natural morphism from H'^(X,Q(i)) to £7^) is the ith Atiyah 
Chern class of T 

Proof. If L is a holomorphic line bundle, then (i) and (ii) hold for L. Indeed, using the isomorphism 
between Pic(X) and H^{X, Z(l)), the topological and Atiyah first Chern classes are obtained by the two 
morphisms of complexes 



Z O and 1 -Jil^ O 



d/2iiT 

On the other hand, GRR for immersions holds for topological Chern classes by |At-Hi) and for Atiyah 
Chern classes by [O B-To-To3j . □ 

Remark 6.6. If X is a Kahler complex manifold, the Green Chern classes are the same as the Atiyah 
Chern classes and the complex topological Chern classes. If X is non Kahler, GRR does not seem to 
be known for the Green Chern classes, except for a constant morphism (see |To-To) ). If this were true 
for immersions, it would imply the compatibility of Ci{!F) and Ci(jF)^'', via the map from H'^{X,Q{i)) 
to M.'^^{X,n,^^). On the other hand, if this compatibility holds, it implies GRR for immersions for the 
Green Chern classes. 

7. Appendix. Analytic /-C-theory with support 

Our aim in this appendix is to answer the following question: if /: X is a morphism, J-' a torsion 

sheaf on Y with support W, and Z = f^^{W), can we express the sheaves ToTi{J-',f) in terms of the 
sheaves Tori(J^ny, /i^)? 

7.1. Definition of the analytic i^-theory v^rith support. Let X be a smooth compact complex 
manifold and Z be an analytic subset of X. We will denote by coh2(A") the abelian category of coherent 
sheaves on X with support in Z. Then, X being compact, 

coh2(X) = {J", J" e coh{X) such that I^T = for n > O}. 
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Definition 7.1. We define G^{X) as the quotient of Z[coh2(X)] by the relations: J- + H — G if there 

exists an exact sequence ^ ^ G ^ ^ with J^, G and H elements of coh^{X). In 

other words, Gz{X) is the Grothendieck group of cohz{X). The image of an element of coh2(-^) in 
Gz{X) will be denoted by [J^]. 

We first prove 

Proposition 7.2. The map iz*'-G{Z) ^G^iX) is a group isomorphism. 

Proof. We consider the inclusion coh(Z) C coh^iX). If T is in coh2(X), we can filter T by the formula 
F'JF — I^J-". This is a finite filtration and the associated quotients F^J^/pi+ijr ^-^^ in coh(Z). Therefore, 
we can use the devissage theorem for the Grothendieck group, which is in fact valid for all /^-theory groups 
(see |Qui| § 5, Theorem 4]). □ 

7.2. Product on the A'-tiieory with support. Let Z be a smooth submanifold of X. For any x in 

Gz{X)^ by Proposition 17.21 there exists a unique x in G{Z) such that i^^x ~ x. 

Definition 7.3. We define a product G{Z) (g)^ G^iX) ^ G^iX) by x.^y — i^^^x.y). 

'z 

In other words, the following diagram is commutative: 

G{Z) ®^ Gz{X) ^GziX) 

'z 

G{Z) (g)^; G{Z) ^ G{Z) 

Remark 7.4. Definition 1 7 . 31 has some obvious consequences: 

1. For any x in G'(Z), i^^x = x [iz*Oz\- 

2. More generally, i^^ix.y) =x i^^y. 

3. The product endows G^iX) with the structure of a G(Z)-module. 

7.3. Functoriality. Let f:X be a holomorphic map and be a smooth submanifold of F such 

that Z = f^^{W) is smooth. We can define a morphism f'■■.G^r{Y) ^G^iX) by the usual formula 

. Let / be the restriction of / to Z, as shown in the following diagram: 
Z ^^X 

W — ; 

Then we have the following proposition: 

Proposition 7.5. For all x in G{W) and for ally in Gy^iY), we have /'(x y) — f'x f'y. 
Recall that if is a holomorphic vector bimdlc on X, X^i[E] is the element of G{X) defined by 

2 3 

Proposition 7.6. (In the algebraic case, see |Bo-Sel Proposition 12 and Lemme 19 c.]) 

(i) If Z is a smooth submanifold of X , then for all x in G{Z), i'^i^^x = x . X-i[Nz/x]- 



=E.>o(-iy Tor,(/C,/) 
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(ii) Consider the blowup X of X along a smooth suhmanijold Y, and let E be the exceptional divisor 
as shown in the following diagram: 




Let F be the excess conormal bundle on E defined by the exact sequence 
^F ^q*N*^^ ^N;^^ -0. 

Then for all x in G{Y), p'i,x — j,(^q'x . A_ii^). 
The assertion (ii) of Proposition 17.61 is the excess formula in ii'-theory. 

Proof (i)WewYitei'ziz*x = iz{x.^[iz^Oz\) = x .i'z[iz*Oz]. Now Toi,{iz^Oz,iz) = A' N*^^^ ([Bo-Se| 
Proposition 12]) and we are done. 

(ii) The equality p' [i^Oy] — [F]) is proved in [Bo-Se[ Lemme 19. c]. Thus 

p'i,x =p-{x [i*OY]) = qx p'[i,Oy] = qx j,(A_i[i^]) (q 'x . A_i [i^]) . 

□ 

We wiU now need a statement similar to Proposition 17.51 with the hypothesis that Z is a divisor with 
simple normal crossing. 

Let f:X be a surjective holomorphic map, Z? be a smooth hypersurface of F, and D — f*{D). 

We suppose that Z? is a divisor of X with simple normal crossing. Let Df., 1 < k < N , he the branches 
of D''°'^. We denote by /j. the restricted map f:Dk ^D. 

Proposition 7.7. For all elements Uk in (X) such that 0~ — wi + • • • + Uj^ and for all y in G{D), 

N 
k=l 

7.4. Analytic X-theory vifith support in a divisor with simple normal crossing. Let X be 

a smooth complex compact manifold and Z? be a reduced divisor with simple normal crossing. The 
branches of D will be denoted by D^, . . . , Dj^ and Dij = Di O Dj. By a devissage argument, the 
canonical map from ®"=iG^. (X) to Gjj{X) is surjective. If x belongs to Gjy.^{X), then the element 
{x, —x) of Gjj {X) G^ . (X) is in the kernel of this map. We will show that this kernel is generated by 
these elements: 

Proposition 7.8. There is an exact sequence: 

e.<, G^,, (X) e, G^. {X) {X) 0. 

Proof. We will deal with the exact sequence 

e.<, G(A, ) e, G(A) GiD) 0. 

By the devissage theorem 17.21 this sequence is isomorphic to the initial one. We proceed by induction on 
the number N of the branches of D. Let D' be the divisor whose branches are D^, . . . , Dj^_^. We have 
a complex 

(*) G{D'nDj^) ^G{D')®G{Dj,)^^GiD) -0 
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where the first map is given by a I >■ (a, —a) . Let us verify that this complex is exact. Consider the 

map V : Z[coh(D) ] ^G{D') G{Dj^) / G{D' n Z?^) defined by = + [Tjj,T]. Remark 

that Xjj, is a sheaf of -modules, namely the sheaf of ideals of D' n D^^ in Djy extended to D by zero. 
Let us show that tp can be defined in i^T-theory. 

We consider an exact sequence >-'H s-O of coherent sheaves on D. Let us define 

the sheaf N by the exact sequence 

^ih'^ ^ih'Q — 



It is clear that A/" is a sheaf of Ojj, -modules with support in D'DDj^, and [i^)/^] — [i^)/-?^] — = —[A/"] 

in G{D'). Let us consider the following exact sequence of complexes: 

^Tn,T ^T- 



i 'o'G ■ 



0- 



■n- 







Let C be the first complex, that is the first column of the diagram above. It is a complex of Oj^ -modules. 
If we denote by T-l^{C), < fc < 2, the cohomology sheaves of C, we have the long exact sequence 

^HO(C) ^0 ^n^{C) ^0 ^0 ^H'^{C) - 



0. 



Since Ti}(C) is a sheaf of On -modules, N is also a sheaf of On -modules. Therefore, A/" is a sheaf of 
^D'nD^-modules. 

In G(Djv) we have [1^,^] - [Ij^.G] + [I^.H] - [H°(C)] - [n\C)] + [re{C)] = -[M]. Thus ^{r)-^{g) + 
^(H) = ([TV], - [TV]) = in the quotient. 

If T belongs to G{D), then [T] = [i^'^] + V^d'^\ G{B). This means that tt o = id. We consider 
now n in G(L»') and K. in g\d^). Then 

V'(7r(H,/C)) = {r^,n\ + [z^X]) e ([J^,W] + [J^X]) = ([W] + [/C|^,riDj) © [^^'n^^^l- 



Remark that [I^)/,-,^) /C] = [/C] — [/C 



] in GfL*^). Thus {\H\ ^ [/C, 



J) ® ([^] - [^1 



J) 



[7i] ® [/C] modulo G(D' n I?^), so that -p o n = v\. This proves that Q is exact. 

We can now use the induction hypothesis with D' . We obtain the following diagram, where the columns 
as well as the first line are exact: 





G{D' n D^) 



■G{D')®G{Dj^)^ 



G{D) ^ 



®i<N G{D^^) 



e,;<Ar G(A) ® G{D^) 



®i<j<N ^(Aj) 
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The map ®^ G{D^) — ^ G{D) is clearly onto. Let a be an clement of ® ^ G{Di) such that 7r(a) = 0. 
Then u{p{a)) = 0, so that there exists (3 such that r(/3) = p{a). There exists 7 such that 5(7) = /3. Then 
p{a — 3(7)) = p{a) — r{q{'y)) = 0. So there exists ^ such that a = 5(7) + 1{6). It follows that a is in the 



image of 0i<j G{Dij). Hence we have the exact sequence 

©i<,- G(A,) ©, G(A) > 0, 

which finishes the proof. □ 
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